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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus

. Precalculus: (20 ft/sec)(15 sec) = 300 ft

. Calculus required: Velocity is not constant.
Distance = (20 ft/sec)(15 sec) = 300 ft

. Calculus required: Slope of the tangent line at x = 2 is
the rate of change, and equals about 0.16.

. Precalculus: rate of change = slope of line = 0.45
. Precalculus: Area = %bh = %(5)(4) = 10 sq. units

bh
2(2.5)

5 sq. units

. Calculus required: Area

i

. Calculus required:

Area = Area of square + Area of triangle

bhy + Lbh,

4(4) + 2(4)0)

18 sq. units

. Precalculus:

Radius of circle = \/(xl - xz)2 + (1 =)

= JF2- (0] (1 -0y
=i+l
=2

2

2

Area of circle = zr
n(2)

27 sq. units

. Precalculus:

Area = Area of rectangle + Area of triangle

bhy + Tbh,

6(4) + 5(6)(1)

27 sq. units

10. Calculus required:
Area = bh

= (0
= 1sq. unit
1. V=101 w-h

= (9(2)(3)

= 24 cubic units

12. V = nr*h
= 7(3)°(6)
= 547 cubic units
13. f(x) = /x
@

(b) slope =m =
i Jx -2
(Vr + ) - 2)
= ! x # 4
x+2
x=1lm ! —l
' Ji+2 03
1
x=3m-= = 0.2679
\/§+2
1
x=5m=—— = 0.2361
J5 42
1 1
c) At P(4,2), theslopeis ——— = — = 0.25.
© (4.2) PR A,

You can improve your approximation of the slope
at x = 4 by considering x-values very close to 4.
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Chapter 1 Limits and Their Properties

14. f(x) = 6x — x> 15. Finding the slope of a curve at a point P is equivalent

N to finding the slope of the tangent line at P.

(a)
16. Answers will vary. Sample answer:
The instantaneous rate of change of an automobile’s
position is the velocity of the automobile, and can be
determined by the speedometer.

5

17. Area:5+§+§+ = 10.417

>
4

Area =54 > 4245 (3,5 (5,5
2 3.5

6x — x*) - 8 — )4 - 15 2 25 3 445
(b) slope = m = ( ) = (x=2)(4 - ) _
x =2 x =2 =~ 9.145
=(4-x),x =2 You could improve the approximation by using more
rectangles.
Forx =3,m=4-3=1
2 2
Forx=2.5m=4—2.5=1.5=§ 18.Areaz££+1+£zl.896
’ 2 41 2 2
5
Forx =15 m=4-15=25=— Area zﬁl+£+1+£+l = 1.954
2 6\2 2 2 2
(c) At P(2,8), the slope is 2. You can improve your You could improve the approximation by using more
approximation by considering values of x close to rectangles.

2.

19. () D, =+/(5-1)7 +(1-5) =16 + 16 ~ 5.66

) D, = \/1 (3 + \/1 FE- s \/1 F(E-3) 4 \/1 #(3-1) = 2693 + 1302 + 1.083 + 1031 = 6.11

(c) The second approximation is more accurate because it uses more line segments to better fit the curve.

20. To obtain a more accurate approximation, increase the 23. As point Q approaches point P, the slope of the secant
number of line segments. line through P and Q appears to approach 2. So, the
answer is B.
21. Use the sum of the areas of several rectangular regions
whose heights correspond to values of y = f(x). 24. The area of the region has a base of about 4 units and a
height of 5 units, which is greater than an isosceles
22. Because the graph of f is steeper at (2, 4) than at triangle with an area of %(4)(5) = 10 square units
(1, 2), the slope of the tangent line at (2, 4) is greater and less than a rectangle with an area of

than the slope of the tangent linc at (1, 2). (4)(5) = 20 square units. Because the area of the

region appears to be closer to the area of the triangle,
the best approximation is 14 square units. So, the
answer is B.

Section 1.2 Finding Limits Graphically and Numerically

1.

x 3.9 399 3999 | 44001 |401 |41
F(x) | 03448 | 03344 | 03334 | 2 | 03332 | 0.3322 | 0.3226
im— =% 03333 (Actual limit is 1,]

x4 x? — 5x + 4 3

© Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Section 1.2 Finding Limits Graphically and Numerically 79

X 0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1

f(x) | 05132 | 0.5013 | 0.5001 | ? | 0.4999 | 0.4988 | 0.4881

im XX =1 65000 (Actual limit is 1.)
x—0 X 2
x | -01 |-001 |-0001|0]o0001 |o001 0.1

S(x) | 0.9983 | 0.99998 | 1.0000 | ? | 1.0000 | 0.99998 | 0.9983

lin}) SIMY 11,0000 (Actual limit is 1.) (Make sure you use radian mode.)
x— X
X -0.1 -0.01 —-0.001 0 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | ? | —0.0005 | —0.0050 | —0.0500

cosx — 1

lin}) ——— = 0.0000 (Actual limit is 0.) (Make sure you use radian mode.)
x— X
X -0.1 -0.01 —-0.001 | 0 | 0.001 0.01 0.1

f(x) | 0.9516 | 0.9950 | 0.9995 | ? | 1.0005 | 1.0050 | 1.0517

lim < ~1 210000 (Actual limitis 1)
x> X
x 0.1 —0.01 | -0001 [0]0001 |o001 |01

f(x) 1.0536 1.0050 1.0005 ? | 0.9995 0.9950 | 0.9531

In(x +1
lim I 1) 0000 (Actuallimitis 1)
x— X
x |09 099 |0999 |1]1001 | 101 |11

f(x) | 0.2564 | 0.2506 | 0.2501 | ? | 0.2499 | 0.2494 | 0.2439

lim —X =2~ 02500 (Actual limit is 1.)
=l xt +x -6 4
x 0.9 099 0999 |1 1001 | 101 1.1

f(x) | 0.7340 | 0.6733 | 0.6673 | ? | 0.6660 | 0.6600 | 0.6015

4 —
lim =1~ 0.6666 (Actual limit is 3)
-1 x° =1 3
x |01 | -001 | -0001|o0[0001 |00l |o0.1

f(x) | 1.9867 | 1.9999 | 2.0000 | ? | 2.0000 | 1.9999 | 1.9867

sin 2x

lim

1 ~ 2.0000  (Actual limit is 2.) (Make sure you use radian mode.)
x— X
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Chapter 1 Limits and Their Properties

X -0.1 -0.01 —0.001 0 | 0.001 0.01 0.1
f(x) | 0.4950 0.5000 | 0.5000 | ? | 0.5000 0.5000 | 0.4950
. tan x o1
lim = 0.5000 | Actual limit is —.
x—0 tan 2x 2
X —6.1 —-6.01 —-6.001 -6 | —5.999 -5.99 -5.9
f(x) | —0.1248 | —0.1250 | —0.1250 | ? | —0.1250 | —0.1250 | —-0.1252
im Y07 =4 01250 [ Actual limit s .
x—>-6 x+6 8
X 1.9 1.99 1.999 | 2 | 2.001 2.01 2.1
f(x) | 0.1149 | 0.115 | 0.1111 | ? | 0.1111 | 0.1107 | 0.1075
lim XEED =234y [Actual limit is 1.)
x—2 x—2 9
X -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1
f(x) | 2000 | —2x10° | -2x10° | ? | 2x10° | 2x10° | 2000
.2 . . .
llrr(l) — does not exist; [ (x) decreases and increases without bound as x — 0.
x—=0 X
X -0.1 | -0.01 | —0.001 | 0 | 0.001 | 0.01 | 0.1
f(x) | 30 300 3000 ? | 3000 | 300 | 30
_3x| . . .
1111(1) —+ does not exist; f(x) increases without bound as x — 0.
x—=0 x
X -0.1 -0.01 | —0.001 | 0 | 0.001 | 0.01 | 0.1
f(x) | 3.99982 | 4 4 210 0 0.00018
lim ——— does not exist.
x>0 ] + el/x
X 29 2.99 2.999 3 3.001 3.01 3.1
f(x) | —10.6471 | —109.5273 | —1098.2789 | ? | 1098.9456 | 110.1940 | 11.3140
.1 . . .
hm3 1Y does not exist; f(x) decreases and increases without bound as x — 3.
x-3 x —
lim (4 - x) =1 20. lim f(x) = lim (x> + 3) = 4

lim sec x = 1 |x - 2|

=0 21. lim2 3 does not exist. The function approaches 1
xX— x -_—

lh_{% / (x) = }gn (4 N x) =2 from the right side of 2, but it approaches —1 from the

left side of 2.
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Section 1.2 Finding Limits Graphically and Numerically 81

22. lim ——— does not exist. The function approaches (&) /(4) exists. The closed circle at (4, 2) indicates

13
x>0 2 + e that f(4) = 2.
2 from the left side of 0, but it approaches 0 from the
right side of 0. (h) lin} f(x) does not exist. As x approaches 4, the
x—
23. lim/ tan x does not exist. The function increases values of f/(x) do not approach a specific number.
x—=7r/2

without bound as x approaches % from the left and

. V4
decreases without bound as x approaches B from the

right.

24. lin}) cos(1/x) does not exist. The function oscillates
R

between —1 and 1 as x approaches 0.
lim f(x) exists for all values of ¢ # 4.
25. (a) f/(0) exists. The graph shows that f(0) = 3. e

(b) 112% S (x) exists. As x approaches 0 from the left 28.
and right, f(x)approaches 3. lll)r(l) f(x) =3.

(¢) f(1)exists. The closed circle at (1, 2) indicates that
70) = 2.

(d) lim1 /(x) does not exist. As x approaches 1 from
xX—

the left, f(x) approaches 3.5, whereas as x lim f( x) exists for all values of ¢ # 7.
approaches 1 from the right, f(x) approaches 1. x—e
(¢) f(4) does not exist. The open circle at (4, 2) 29. Answers will vary. Sample answer:
indicates that f(x) is not defined at x = 4.
6 o
63) lirri S (x) exists. As x approaches 4, f/(x) st

4
approaches 2. 1ini flx)=2 j\o_

26. (a) f(-2) does not exist. The vertical dotted line T

indicates that f is not defined at —2.
(b) lim2 f(x) does not exist. As x approaches —2, the 30
x> .

values of f(x) do not approach a specific number. y
(¢) f(0) exists. The closed circle at (0, 4) indicates
that f(0) = 4.
(d llir(l) f(x) does not exist. As x approaches 0 from

the left, f(x) approaches %, whereas as x B A

approaches 0 from the right, f(x) approaches 4.
31. Youneed | f(x) = 3| =|(x + 1) - 3| =|x - 2| < 04.

(e) f(2) does not exist. The open circle at (2 1)
So, take & = 0.4.1f 0 < |x — 2| < 0.4, then

2
indicates that f(2) is not defined.
|x - 2|= ‘(x +1) - 3‘ =‘f(x) - 3‘ < 0.4, as desired.
() ling f(x) exists. As x approaches 2, f(x)

approaches % lim f(x) = %
x—2
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82  Chapter 1 Limits and Their Properties

32. Youneed\f(x)—l\:‘L—l‘:‘z_x < 0.01
x —1 X —
1 1
Let5=—.If0<‘x—2‘<—,then
101 101
1
—<x-2<—=1l-—<x-1<1+—
101 101 101
100 102
= —<x-1<—
101 101
100
=|x-1>—
101
and you have
1 2 —x 1/101 1
R e e
x =1 x -1 100/101 100
= 0.01.

33. You need to find & such that 0 < |x — 1| < & implies

| f(x) = 1|= L 1)< 0.1, Thatis,
X
1
—-0.1<—-—-1<0.1
X
1
1-01< — <1+0.1
X
9 1 11
X 10
10
— > x > —
9 11
Q—l>x—l>£—l
9 11
l>x—l>—i.
9 11

1 .
So take & = H.Then 0 <|x — 1] < & implies

1 1
-——<x-1<—=
11 11

1 1
— <x—-1< -
9

11
Using the first series of equivalent inequalities, you
obtain
1
| f(x) = 1|=]=-1]< 0.1
X

34. You need to find 6 such that 0 < |x — 2| < & implies
| /(x) = 3] =[x =1 -3 =|+* - 4] < 0.2. That s,
02 <x* —4< 02

4-02< x2 <4+02
38 < x2 <42

38 < x <~Ja2
V38 -2<x-2<42-2
Sotake & = /4.2 — 2 ~ 0.049%.
Then 0 <|x — 2| < & implies

—(\/4,2 - 2) <x-2<+J42 -2
V38 -2 <x-2<-J42 -2

Using the first series of equivalent inequalities, you
obtain

| f(x) = 3| =]x* - 4| < 02.

35. lim (3x +2) =32 +2=8 =1L
x—
|(3x +2) - 8] < 0.01
|3x — 6| < 0.01
3|x — 2] < 0.01

0<[x-2[< 28 ~00033 =6

So, if 0 <‘x - 2‘< o = %,youhave
3|x - 2| < 0.01
|3x — 6| < 0.01

|(3x +2) - 8| < 0.01

| f(x) = L] < 0.01.

36. 1im(6—fj=6—§=4=L
3 3

x—6
[6—)“)—4 < 0.01
3
‘2-5 < 0.01
3
‘—%(x—é)‘< 0.01
|x — 6] < 0.03

0<|x-6/<003=¢

So,if 0 <|x — 6| < & = 0.03, you have

‘—%(x—6)‘< 0.01
‘2—? < 0.01
[6—);)—4 < 0.01
| f(x) - L| < 0.01.
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37. lim(x2—3)=22—3=1=L

2
|(x* =3) = 1] < 001

|x* - 4| < 0.01

|(x + 2)(x - 2)| < 0.01
|x + 2[|x - 2| < 0.01

= 2 < 001

[x - 2| < 0.002 = L(0.01) <

|x + 2[|x — 2| < 0.01
| - 4| < 001

|(x* =3) = 1]< 001
| f(x) = L| < 0.01.

38. 1im(x2+6)=42+6=22=L
x—4

x2 +6) — 22| < 0.01
(x* +6) - 22|
\xz —16\< 0.01

|(x + 4)(x - 4)| < 0.01

v - 4] < 20!

If you assume 3 < x < 5,then J = % = 0.00111.

. 01
So,if 0 <‘x - 4‘< J = T,youhave

‘x—4‘<w

|(x + 4)(x — 4)| < 0.01
\x2 —16\< 0.01
‘(xz +6) - 22\ < 0.01

| f(x) - L| < 0.01.
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‘x + 2‘
If you assume 1 < x < 3,then & = 0.01/5 = 0.002.
So,if 0 <|x — 2| < & = 0.002, you have

‘x+4‘

<
9 ‘x+4‘

Section 1.2 Finding Limits Graphically and Numerically

|x +

. ‘(0_01)

39. lim(x+2)=4+2=6

x—4

Given £ > 0:
[(x+2)-6|<e

‘x—4‘<£=§

83

So,let § = €. So,if 0 <|x — 4| < § = &, you have

|x —4|< e
(x+2)-6|< ¢

‘f(x) - L‘ < e
40. lim (4x + 5) = 4(-2)

Given € > 0:

™

\(4x+5)—(—3)\<

)

‘4x+8‘<

4lx + 2| <

Ml ™

‘x+2‘<
So,leté‘zf,

4
So,if 0 <|x +2|< &

‘x+2‘<

U

‘4x + 8‘<
|(4x +5) — (-3)| <
‘f(x) - L‘<

™

™

41, lim (Ix - 1) = (-4

x4 \2

Given £ > 0
(=1~ (3)< €
‘%x+2‘< £
Hx-(A)f<e
|x = (-4)] < 2¢

So, let § = 2&.

So, if 0 <‘x - (—4)‘< Jd = 2¢,you have

|x = (—4)| < 2¢
‘%x + 2‘< £

‘(%x—l)+3‘<g

‘f(x)—L‘< €.

+5=-3

=0
£
= —, you have
2
-1=-3



84  Chapter 1 Limits and Their Properties

; 3 _ 3 _ 13 H 3 —
42. lim (G +1) = 33) + 1= 45. lim 3/x =0
Given € > 0: Given € > 0:

‘\3/;—0‘<g
] <e

)

‘(;x+l)—%<

‘%x—% <e¢
3 _
Ix-3l<e [x|< e =06
_ 3
‘x—3‘<%g So,let & = &°.
So, for 0|x — 0|8 = &, you have
So, let & = %¢ R
3 |x|< €
So,if0<‘x—3‘<5=%£,youhave ‘\3/}‘<8
|x—3|< % ‘\3/;—0‘<5
3x-3l<e |f(x) - L|< e
‘%x—%‘< £

46. 1im4\/_=\/2=2

‘(§x+1)—5‘<g ,
4 4 Given € > 0:

/() — L] < e NARIPY
43. lim3 =3 ‘\/;—ZH\/;+2‘<€‘\/;+2‘

Given £ > 0: |x — 4| < 8‘\/;+2‘

‘3 - 3‘ <E Assuming 1 < x < 9, you can choose J = 3&.Then,
0<e¢ 0<‘x—4‘<5=3€:>‘x—4‘<8‘\/;+2‘

So, any & > 0will work. :‘\/; B 2‘ <s

So, forany ¢ > 0, you have
|3-3|<¢ 47. ler{ls‘x—S‘:‘(—S)—5‘:‘—10‘=10

| f(x) - L] < e Given £ > 0:

44. lim (~1) = -1 ||x = 5]-10|< &
. ~(x-5)-10|< ¢ ~5<0
Given £ > 0: ‘ (x = 5) ‘ (x )

|-1-(-1)|<e

0<e

‘—x - 5‘ <€
‘x - (—5)‘ <e€

. So,let & = &.
So, any 6 > 0will work.

So for |x — (-5)| < & = &, you have
So, forany ¢ > 0, you have ‘x ( )‘ you hav

(D) = (-D]< e
‘f(x) - L‘ < €.

|~(x+5)|< &
‘—(x—S)—10‘< €
Hx—S‘—lO‘<£ (becausex — 5 < 0)

|f(x) - L|< e
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48.

49.

50.

lim\x—3\:\3—3\: 0
x—3
Given £ > 0:
|x - 3]-0|<¢
‘x - 3‘< £
So, let § = €.
So, for 0 <‘x - 3‘< 0 = £,you have

|x-3|<e
|[x-3|-0|< e
| f(x) - L| < &
lim (x* +1) = 1° + 1 =2
Given € > 0:
(2 +1)-2|< e

‘x2—1‘<8

‘(x+1)(x—1)‘<e

€

‘x—1‘<7
‘x+1‘

If you assume 0 < x < 2, then § = &/3.

Sofor 0 <|x-1]< & = g,youhave

1 1

‘x—l < —€&E< —€¢
30 |x+1]

‘x2—1‘<8

‘(x2+1)—2‘<8
‘f(x)—2‘<8.

. 2 — (A2 _ —
xll)r{14(x +4x) = (-4 + 4(-4) = 0
Given £ > 0:
‘(x2+4x)—0‘<€
‘x(x+4)‘<£
\x+4\<£
| x|
If you assume —5 < x < —3, then 5:?
So for 0 <‘x - (—4)‘ <0 = g,youhave
\x+4\<£<ie
5 |4

|x(x + 4)| <

)

‘(x2+4x)—0‘<€

‘f(x)—L‘<

™

Section 1.2 Finding Limits Graphically and Numerically

51.

52.

53.

Vx+5-3

S(x) = x—4

. 1

lim f(x) = 2
”\-H_____q___

-0.1667

The domain is [-5, 4) U (4, «).

No, the graphing utility does not show the hole at

(4, é] Use the graph to identify asymptotes and

intervals, and use the function to identify holes and

endpoints.

x—-3 4
S = x? — 4x + 3 L
lim f(x) = % N i

The domain is (—ee, 1) U (1, 3) U (3, ). No, the

85

graphing utility does not show the hole at (3, %j Use

the graph to identify asymptotes and intervals, and use

the function to identify holes and endpoints.

(a) 110

® |4 |3 [33]34|35[36]37|4
clss|70 702 [70 |70 |70
() =
© |12 |25]29(3|31]35]4
cl40]55 |55 [2]70 |70 |70

No, lirrg C(r) does not exist. As ¢ approaches 3
t—

from the left, C(¢) approaches 55, whereas as ¢

approaches 3 from the right, C(¢) approaches 70.
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86  Chapter 1 Limits and Their Properties

54. (a) 0 ©
— t ]2 25)29(3(31 |35 |4
o—e C 485 |67 |67 |?7]855 | 855855
o—=e
o—e
o= . . . . s No, lirgl5 C(r) does not exist. As ¢ approaches 3
20 1—3.
® from the left, C(¢) approaches 67, whereas as ¢
|3 133 |34 135136 137 |4 approaches 3 from the right, C(r) approaches 85.5.
C |67 |855 8557 85.5 | 855 | 85.5 55. As the graph of the function approaches 8 on the
horizontal axis, the graph approaches 25 on the vertical
1i1%15 C(r) = 85.5 axis.
1—3.

56. In the definition of lim f(x), f must be defined on
xX—c

both sides of ¢, but does not have to be defined at ¢
itself. The value of /" at ¢ has no bearing on the limit as
x approaches c.

57. (i) The values of f approach different (ii) The values of f increase without  (iii) The values of f oscillate between

2 3 45

numbers as x approaches ¢ from bound as x approaches c: two fixed numbers as x approaches c:
different sides of c: v y
y 1
|
4 1
|
31 1
) 1
- 1
14 1
|
> |
—4 -3 -2 -1 12 3 4
- 1
1
1
1

58. y

1
4t r=3iV=\3/i(2()4):3£m
3T 4 4 V4
y 3 5.
/e (b) When ¥ = 2.00: r = 3[—(2.00) = 3/~ in,
_1‘_]” 2 3 o4 T V2
When V = 2.08:r = 3 i(2.08) SRR in
59. (a) C = 27r 4 V4
r= =2 em So,3£in.SrS3—l'56in.
2w 2r 7 e e
(b) WhenC = 5.9:r = Ecm () lirr1153 V =204
2w yﬁ3l«7
When C = 6.1: r = ﬂcm e = 0.04
2w

5.9 6.1 _ 1[3/156 _ 3/15]
So, —cm £ r £ —cm. o =
2 " 2z 2 4 7
(¢) im C =6
r3 If r is within 1(3/1'56 - 3/1‘5J inch of
2 V.4 T

€ =01
L0l _ 1 5/1:23 i1ch, then ¥ will be within 0.04 cubic inch
2 207 .

of 2.04 cubic inches.

S 1 . 3 .
If  is within —— centimeter of — centimeter,
207z V4

then C will be within 0.1 centimeter of
6 centimeters.
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Section 1.2 Finding Limits Graphically and Numerically 87

61. f(x) = (1+ x)l/x 64. (a) )l(li‘[: f(x)exists forall ¢ # 3.
lim (1 + x)"" = e ~ 2.71828 . .
x>0 (b) lim f(x)exists forall ¢ # -2, 0.
x—c¢

65. False. The existence or nonexistence of f(x)at x = ¢

has no bearing on the existence of the limit
of f(x)asx — c

o X 66. True
RIS I IF IR
67. False. Let
x—4, x#2
x S x S f(x) = .
0, x =2
-0.1 2.867972 0.1 2.593742
So, f(2) = 0 and lim f(x) =lim (x—4) =2 # 0.
-0.01 2.731999 0.01 2.704814 ¥=2 ¥=2
-0.001 2.719642 0.001 2.716942 68. False. Let
—0.0001 | 2.718418 | | 0.0001 | 2.718146 f(x) = {x —hx#2
’ 0, x =2
—0.00001 | 2.718295 0.00001 | 2.718268
So, lim f(x) = lim (x — 4) = 2and f(2) = 0 # 2.
—0.000001 | 2.718283 0.000001 | 2.718280 ¥2 ¥2

69. f(x) = Vx
02 Cx+1]-]x -1 /)
- ) = T lim /(x) = 0.5is true.
X -1 05| 0110 01 {0510 As x approaches 0.25 = %from either side,
f(x) |2 |2 2 Undef, | 2 2 2 f(x) = /x approaches % =0.5.
lim f(x) = 2 70. f(x) = Vx
Note that for lim f(x) = 0is false.
(x+1)+(x—1) 0
“l<x<lx 0, /(x) = X =2 f(x) = /x is not defined on an open interval

Y containing 0 because the domain of f isx > 0.

34

71. Using a graphing utility, you can see that

/_l—\ lim 2% =

x—0 x

— —t—x i
B S — 2x

4 x—=0 X

= 2, etc.

. sin nx
0.002 So, lim =n
63. | x—0 X

(1.999,0.001)
\/ (2001.0,00/ ) ) »
Y 72. Using a graphing utility, you can see that

. tan x
lim
1998 2.002 N
0

=1

Using the zoom and trace feature, & = 0.001. So lim fan 2x =2, etc

(2- 68,2+ 8) = (1999, 2.001). oy

. tan nx
2 _y So, lim =n
=x+ 2for x # 2. =0 x
x—2

Note: i
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Chapter 1 Limits and Their Properties

73. If lim f(x) = L and lim f(x) = L,, then for every € > 0, there exists ; > Oand J, > Osuch that
xX—c X—cC

74.

75.

76.

Section 1.3 Evaluating Limits Analytically

1.

2.

|x —c|< & =|f(x) - Li| < eand |x — ¢c| < 8, =|f(x) = L,| < & Let equal the smaller of & and &,.
Then for |x — ¢| < &, youhave |, —Lz\z‘Ll - f(x) + f(x) —LZ‘S‘LI —f(x)‘+‘f(x) —L2‘< £+ e

Therefore,

f(x) = mx + b,m # 0.Let £ > 0be given. Take
5=

|m

£
|m

|m|x - c|< e

lf0<‘x—c‘<§= , then

‘mx—mc‘<8
‘(mx+b)—(mc+b)‘<8

which shows that lim (mx + b) = mc + b.

x—c

lim[ f(x) - L] = 0 means that for every £ > 0 there
exists d > 0such that if
0 <‘x—c‘< 0,
then
‘(f(x)—L)—O‘< E.
This means the same as ‘ f(x) - L‘ < & when
0<|x-c|<ad
So, }gl}f(x) = L.
1

3x +1)(3x —1)x* +0.01 = (9x% —1)x* + —

(@) (Bx+1)(3x - 1)x ( X )x 00

=9x* — x? +L
100

1
= ﬁ(10x2 - 1)(90x2 - 1)

So, (3x + 1)(3x — I)x? + 0.01 > 0if

10x> —1 < 0Oand 90x> — 1 < 0.

Let (a,b) = [—1 IJ

| 907 /90 )
Forall x # 0in (a, b), the graph is positive.
You can verify this with a graphing utility.

lim6 = 6

x—3

lim 4 =4

x—-2

77.

78.

79.

80.

L - Lz‘ < 2¢&. Because € > 0 is arbitrary, it follows that L; = L,.

. 1
(b) Youare given limg(x) = L > 0.Let £ = EL.
There exists & > Osuch that 0 <|x — ¢|< &

implies that ‘g(x) - L‘ <é€= % That is,

L L
-— < -L <=
7 <&t 2
L 3L
2 g(x) 2

For x in the interval (¢ — &, ¢ + &), x # ¢, you

have g(x) > % > 0, as desired.

lim sinx = 0. Asx approaches 7 from the left and
X

right, the graph of /(x) approaches 0.

So, the answer is B.

. 10 . .
The function f(x) = — increases without bound as
x

x approaches 0 from the left and as x approaches 0
from the right. So, the limit is nonexistent, which is
answer D.

As x approaches 0 from the left and right, the function
approaches 2. So, 1iII(1) f(x) = 2, which is answer B.

I:  Asx approaches 3 from the left, ~/x — 3 is
not defined. So, lirr; ~/ x — 3 does not exist. Thus,
x—

lim3 ~x — 3 = 0Ois not a true statement.

xX—

II: As x approaches 3 from the left and right, 6 — 2x
approaches 0. So, lirr; (6 — 2x) = 0 isatrue

X—
statement.

III: As x approaches 3 from the left, f(x) = 6 — 2x
approaches 0. As x approaches 3 from the right,
f(x) = ~/x — 3 approaches 0. So, lirr; f(x)=0

xX—>
is a true statement.

Because II and III are true statements, the answer is C.
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Section 1.3 Evaluating Limits Analytically 89

5. lim x* = 7 = 49 11. lim, (2x+5) =2(-3)+5=-1
x=7 X——
6. lim x* = (-2)' =16 12. lim (3x — 1) = 3(0) =1 = -1
7. @ lim[3 ()] = 3(lim /() = 32) = 6 13 Jim (x4 39) = (33)" +3(3) =9 -9 =0
(b) lim [f(x) + g(x)] = lim f(x) + lim g(x) 4. lim (~2* +1) = (-2 +1=-8+1=-7
=2+6
_3 15, lim (20° +4x +1) = 2(-3)° + 4(=3) + 1
© tim [/(x)()] = |t 1(2) ] im ()| e
= (2)(6) 16. lim (22" — 6x +5) = 2(1)’ ~ 6(1) + 5
=12 =2-6+5=1
lim
@ lim g | _ ﬂ -85 17. lim Jx+1 =13+ 1 =14 ~ 3.742
x—3 f(x) 111’1’; f(x) 2 x—13

18 lim /12x +3 = 3/12(2) +3
X

8. (@) lim [Sg(x)] = 5{1im g(v)) = 5(-1) = -5 Yy SV S

x—1 x—1

(b) lim[g(x) - f(x)] = lim g(x) — lim f (x)

x— . 3
1 0 19. lim (1-x) =[1-(-4)] =5 =125
=3
20. lim (3 - 2)" = [30) - 2' = (-2)* = 16

0 st ot ] |
3 3 3
} (_21)(2) Sl T R Y
li . 5 __5 _ 5
(d) PG i EAC T 2 3T 5537 )

=1 g(x) B )l(lgll g(x) -1

: SR il S
9. (@) lim[f(x)]" = [lim f(x)} = (16)° = 256

X—=c X—c

24 1im3x+5 3 +5  3+5 _§_4
(b) li_)m\/f(x)z 1iinf(x)=\/B=4 Txslx4l 0 141 202
. _ . _ _ . 3x _ 3(7) _ 21
© lim[3/(x)] = 3[lim /(x)] = 3016) = 48 vl
. 32 . 32 32
@ tim [/(9]" = [m f(x)} = (16)" = 64 s o N1 NI 3
’ T2 x 42 2+2 4
10. ) lim 3//(x) = 3/lim f(x) = /27 =3 27. (@) lim f(x) =5 -1 =
o tim 20 ) 273 (®) lim glx) = 4 = 64
018 lim1g 18 2
e (© lim g(f(x)) = (/1) = g(4) = 64
© lim[f()] = [hm f(x)T = (27) = 729

@ tim [/ = [im ] = @7 =

x—c¢ x—c
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90 Chapter 1 Limits and Their Properties

28. (a) XILH_E J(x) = (3)+7 =4 40. lim cosx = coss—” .
x—57/3 3 2
. e
(b) 115)1}‘ g(x) =4 =16
. 1. Tim tan 75 = an 2% =
(©) lim g(/(x)) = g(4) = 16 Ty 4
29. (a) 112f(x):4—1=3 42. hmsecﬂ:secl[:—&
x—7 6 6 3
(b) lir%g(x)z 3+1=2
x. 43. lim ¢* cos 2x = e’ cos 0 = 1
© lim g(/(x)) = 2() = 2 2
44. lim e *sinzx = €’sin 0 = 0
30. (@) lim f(x) = 2(47) - 3(4) + 1 =21 =0
() lim g(x) = Y2+ 6 = 3 45. lim (In3x + ¢*) = In3 + e
¢) lim x)) = g(21) =3
© lim g(/(x)) = £(21) 46. limlln%zlnlzlne’l - 1
xX— e' e

31. This was incorrectly handled as the limit of a

. . . _ 3 _ 4 _2
composite function, 111)1}‘ g(f(x)), rather than a product. 47, f(x) = x , X # and g(x) = —x* — 4
-2, x==2
yg}‘ gx)f(x) = [1‘1& g(")}[l{ﬂ f(x)] agree exceptat x = —2.
= (4+1)[2(4) - 5] lim f(x) = lim g(x) = 4
= (5)3) 2
=15 " / 6
32. In evaluating the limit of this composite function, \
lirri /(x) was not evaluated correctly. \

lim f(x) = 2(4) -5 =3

So, 48. g(x) = { and
lim g(f(x)) = g|lim f(x)) =g(3)=3+1=4

rod (‘H4 h(x) = 3x* — x + l agree exceptat x = 3.

33. lim sinx = sin% =1 )l(lgi g(x) = llgé h(x) = 25

x> 72
8
34, imtanx = tanx = 0
X—>T
. X T 1 -6 6
35. limcos— = cos — = —
x—1 3 -2

2 - f—
36. lim sin 2> = sin = = sin = = | 49. f(x):x L_ G+ Dandg(x)zx—l
x—2 4 4 2 x+1 x+1
agree exceptat x = —1.
37. lim sec 2x = sec0 =1 . . .
¥ 50 hm1 f(x)= hm1 g(x) = hm1 (x-D)=-1-1=-2
X—— X—— xX——
38. lim cos 3x = cos 37 = -1 3

1 - =

39. lim sinx = sins—” = /
x—57/6 6 2
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Section 1.3 Evaluating Limits Analytically 91

X3 -8 5 . X . X . 1 1
. = = 53. 1 =1 =1 = =-1
50. f(x) x_zandg(x) x? + 2x + 4 agree lim —— xlgéx(x_l) 101
exceptat x = 2.
T _ 1 2 X+ 9x . x(xz+9)
11_}m2 f(x) = )1(1_)n§ g(x) = ll_)m2 (x + 2x + 4) 54. 112(1) - PE% »
=22 +202) +4=12 249
12 = lim
x—0 3
/ 0P +9
3
-9 9 = 3
0
oxP=9 o (x+3)(x-3)
. (x+4)In(x +6) In(x + 6) T L
51. f(x) = ——=———andg(x) = ———
x” —16 x—4 = lim (x-3)=(-3)-3=-6
agree except at x = —4. =
. . In2 _ —(x —
Jim f(x) = lim g(x) = —== = ~0.0866 S6. 1im SoF iy (x~5)
=5 x7 =25 x5 (x = 5)(x +5)
;
clim—L = L L
Y 3 x5 x + 5 5+5 10
2 _ _
A 7. tim T E6 gy -2
= >3 x2 -9 =3 (x + 3)(x = 3)
62,!(_1 _1imx—2_—3—2
52. f(x) = o and g(x) = ' + 1agree except at T 53 yx-3 -3_-3
x = 0. _ ;5
. L o 3 6
ll_r)r%)f(x)—ll_r)r(l)g(x)—e +1=2 S
3 "6
/ 2 - -2 4
] 58, lim T2 gy 22 9)
L , =2 X2 —x =2  x=2(x-2)(x+1)
. X4 2446
=2 x + 1 24+1 3

Vx+5-3 LN +5 -3 Nx+5+3

59. lim = lim .
=4 x — 4 =4 x — 4 Vx+54+3
+5)-9
I Gl = lim ! ! 1

=4 (x - 4)Vx +5+3) =ix+5+3 Jo9+3 6
\/x+1—2_\/x+1+2 . x—3

60. lim lim = lim

=3 x -3 =3 x=3  Jx+l+2 x%(x—3)[\/x+1+2]

1 1
=3ix+1+2 a+2

Ji75-5 . Jia5-5 Jirs+5

61. lim = lim :
x—0 X x—=0 X \/X +5 + \/g

- lim (x+5) -5 _

1
lim = = =
Xﬁox(\/x+5+\/§) =0 x+5+/5 5450 25 10

NI

1 1 NG
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62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

Chapter 1 Limits and Their Properties
i 2+ x -2 24 x -2 2+x+2
im ———— = lim .
x—=0 X x—0 X \/2 + x + \/5
g 2tx-2 1 B 1 12
S22 x + N2 02 ex eV V22 22
1 _1
lim2+x 3 _ 1imw: lim - — i - _ -1 _ 1
x=0 x =0 (34 x)3(x) =03+ x)3)(x) —0(3+x)3 (33 9
1 1 4 — ()C + 4)
lim x+ 4 4 1 4(x + 4) = lim -1 — ;1 — _i
-0 x =0 x =0 4(x +4)  4(4) 16
i 2EFA) 220 2wk 2Ac-2x o AL
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
2 _ 2 2 22
i GEA) Z g MDA (M) L AR AY (2x + Ax) = 2x
Ar—0 Ax Ar—0 Ax Ax—0 Ax Ax—0
; (x+ Ax) = 2(x + Ax) + 1= (¥ = 2x +1) i X%+ 2xAx + (Ax)” = 2x — 2Ax + 1 - x% + 2x — 1
A)}I—I}O Ax - Axlgo Ax
= lim (2x+Ax—2) =2x -2
Ax—0
303 3 2 2 303
lim (x +Ax) —x — fim © + 3x°Ax + 3x(Ax)” + (Ax)” — x
Ax—0 Ax Ax—0 Ax
A3 + 3uAx + (Av)) ,
= lim = lim (3¢ + 3xAx + (AY)') = 347
Ax—0 Ax Ax—0
i LEXA) = S() o B A)-2-Br-2) o SxH3Ac-2-3ww 2 A
Ax—0 Ax—0 Ax Ax—0 Ax Ax—0 Ax
A - f(x) (A A(x + AY) - (5P - 4x) X%+ 2xAx + Ax® — dx — 4Ax — x® + 4x
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ar—0 Ax
2 —4
_ g MY A (2 + Av —4) = 2x — 4
Ax—0 Ax Ax—0
1
limf(x+m)_f(x)=limx+Ax+3 x+3
Ax—0 Ax Ax—0 Ax
o x+3-(x+Ac+3) 1
= lim - —
a0 (x + Ax + 3)(x +3)  Ax
. —Ax
= lim
a0 (x + Ax + 3)(x + 3)Ax
= lim -1 = !
a0 (x + Ax + 3)(x + 3) (x + 3)2
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74.

75.

76.

7.

78.

79.

80.

81.

Section 1.3 Evaluating Limits Analytically 93
f(x) = el
1
_ 2 F 2 2
lim f(x + Ax) = f(x) “ lim (x + Ax) - lim ¥ (x + %x)
Ar—0 Ax Ar—0 Ax M0 k2 (x + Ax) Ax
P [xz + 2xAx + (Ax)ﬂ —2xAx — (Ax)’
= lim 3 = lim 5
Ax—0 x*(x + Ax)” Ax =0 x2(x + Ax) Ax
—2x — Ax —2x 2
= m ﬁ = T = ——3
A0 2 (x + Ax) X X
sin x sin x )1 1 1 . _cosx—sinx—1 . —sinx . cosx—1
i — i | = == 82. 1 = +1
)1(12’}) S5x - ’lclil’(l) |:[ X ][5)} - (1)(5] - 5 Xlil(l) 2x XILI}) 2x Xlg(l) 2x
_ —lli sin x _lliml—cosx
3(1 - 1- 230 x 2 x=0 x
i J0mc0s ) H(COSX)H _ (3)(0) =0 SR
x—=0 X x—=0 X _7(1) _ ,(0) __
2 2 2
. sin x(1 — cos x) ) {sin x 1-cos x}
lim ———— = lim — _ X _x X 1—e¥)e™
150 x2 w=0| X 83. 111%1r lzli“},lvel'ex:h“},(le)f
x>0 b — x—0 ¥ — e x—> — e
= (1(0) = 0 e
. cos@tan @ . siné@
lim ——— = lim =1
6-0 ] 050 @ 4(@2" - 1) 4(e* - 1)(e* + 1)
84. lim = lim
. . =0 ¥ —1 x—=0 e’ -1
. sin®x . |sinx . . ) N B B
llil}) . —if}){x smx}—(l)smO—O =)1(1£})4(e +1)—4(2)—8
. tan’x . sin?x . |sinx sinx . sin3t . [sin 3tj[3j [3) 3
= = . 85. 1 =1 l=0===
lim == = im — x hi’?[ X coszx} fim = =i S 2 02 73
= (1)(0) = 0
( )( ) . sin 2x . sin 2x )1 3x
so. i S = i 5] 55
(1= cos h)2 11— cos h x=0 sin 3x  x X sin 3x
lim ~——— = lim | ———(1 — cos /) | )
h—0 h h—0 h — 2(1)(5](1) — g
= (0)(0) = 0
q}im pseco = n(-1) = -7
lim 6 — 6cos x _ lim 6(1 — cos x)
x—0 3x x—0 3x
.6 [1 — cos xj
= lim — | ————
x—=03 X
- (lim 2)[lim l_ﬂj
x—0 x—0 X

0

(2)(0)
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87.

88.

89.

Chapter 1 Limits and Their Properties

- L=

X 0.1 -0.01 | —0.001 | 0 | 0.001 | 0.01 0.1

f(x) | 0358 | 0.354 | 0.354 ? 10354 | 0.353 0.349

It appears that the limit is 0.354.
2

i . The graph has a hole at x = 0.
-2
. o Nx+2-2 L x+2-2 x+2+2
Analytically, lim —————— = lim .
x>0 X x=0 X Jx+2+2
4 x+2-2 : 1 12
= lim —— = lim = =—
HOx(\/x+2+\/§) =0x+2+4/2 22 4
: 4-x
U T
X 15.9 15.99 15999 | 16 | 16.001 | 16.01 16.1
f(x) | -0.1252 | -0.125 | —0.125 | ? -0.125 | —0.125 | —0.1248
It appears that the limit is —0.125.
1
The graph has a hole at x = 16.
0 ——| 20
-1
Analytically, lim ﬂ = lim (4 _ \/;) = lim =t 1
P16 x — 16 x>16 (\/; 4 4)(\/; _ 4) 16 /x + 4 8
1
2 + 2
fl = 2222
X
x -0.1 -0.01 —-0.001 | 0 | 0.001 0.01 0.1
f(x) | -0.263 | -0.251 | —0.250 | ? | —0.250 | —0.249 | —0.238
It appears that the limit is —0.250.
3
’_JE The graph has a hole at x = 0.
. E/f 1
I -2
1 1
Ty 2-(2+ - -
2+x 2 _ limM-l: 1im7x.l: 1im71:_l.

Analytically, li
T B0 22+ x) x e022+x) x 0224y 4
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90.

91.

92.

Section 1.3 Evaluating Limits Analytically

x° - 32
X)) =
S(x) = ——
x 1.9 1.99 1.999 1.9999 | 2 | 2.0001 | 2.001 | 2.01 | 2.1
f(x) | 7239 | 7920 | 79.92 | 79.99 ? | 80.01 80.08 | 80.80 | 88.41
It appears that the limit is 80.
100
/ The graph has a hole at x = 2.
-4 3
-25
5 _ x = 2)(x* +2x° + 4x* + 8x + 16
Analytically, lim ~ 32 _ lim ( I ) = lim (x* + 2x° + 4x? + 8x + 16) = 80.
x=>2 x — 2 x—2 x -2 x—2
(Hint: Use long division to factor x> — 32.)
sin 3¢
/) =
t
t -0.1 | -0.01 -0.001 | 0 | 0.001 | 0.01 0.1
f(@ | 296 | 2996 |3 ?7 13 2.9996 | 2.96
It appears that the limit is 3.
4
The graph has a hole at 1 = 0.
—2 [z h“u' U"\um 27
-1
. . sin 3¢ . sin 3¢
Analytically, }13(1) = }13(1) 3(7) =3(1)=3
f(x) _ cosx — 1
22
x -1 —0.1 -0.01 | 0 | 0.01 0.1 1
f(x) | —0.2298 | —0.2498 | —0.25 | ? | -0.25 | —0.2498 | —-0.2298
It appears that the limit is —0.25.
1
The graph has a hole at x = 0.
= mp—T
-1
. cosx —1 cosx +1 cos? x — 1 —sin’x sin® x -1
Analytically, - = — =— = — -
2x cosx +1 2x*(cosx +1)  2x*(cosx + 1) x 2(cos x + 1)

- B B
lim | 3% ! = 1(Jj =L o2s
0| x? 2(cos x + 1) 4 4
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93.

94.

95.

96.

97.

98.

Chapter 1 Limits and Their Properties

In x
f(x) =
x—1
4
X 0.5 0.9 0.99 1 | 1.01 1.1 1.5

f(x) | 1.3863 1.0536 | 1.0050 | ? | 0.9950 | 0.9531 | 0.8109 !

It appears that the limit is 1.

Analytically, lirr} In x =1
x—=1 x —
3x 8
X)) =
f( ) er _ 4
5
x 0.5 0.6 0.69 In2 | 0.7 0.8 0.9 /
fx) | 2.7450 | 2.8687 | 2.9953 | 0 3.0103 | 3.1722 | 3.3565 —
It appears that the limit is 3. - 0 :
3x _ e = 2)(e* + 2e¢° + 4 2x x
Analytically, lim ez 8 = lim ( )( ) = lim et 4 = arata =
x—hh2 ¥ — 4 x—In2 (ex — 2)(€X + 2) x—In2 e’ +2 2+2
. ) . . 2
lim (4 - %) < lim f(x) < lim (4 + x*) 99. f(x) = xsin -
X
4 < lin'(L) f(x) <4 05

Therefore, lin}) f (x) = 4.

lim [b —|x — al] < lim f(x) < lim [b +|x - a]
x—a x—a x—a -0.5
b < lim f(x) <b )
I 1)
Therefore, lim f(x) = b. 20 (x s x] 0
xX—a
f(x) =|x]|sin x 100. A(x) = x cos 1
x
6
0.5

-6

-0.5

lim ‘x‘sin x=0

x—0 1

lim [x cos fj =0
f(x) =]|x|cos x =0 x
6 101. The limit does not exist because the function
K approaches 1 from the right side of 0 and approaches
on —1 from the left side of 0.

—2n
\< 2

-6

lim ‘x‘cos x=0
x—0
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102. False. lim &% = 9 _ o

xor X ¥/

103. True.

Section 1.3 Evaluating Limits Analytically 97

104. False. Let f(x) = 2x”and g(x) = x”.
Then f(x) < g(x)forall x # 0.But,

lim f(x) = lir% g(x) = 0.

x—0

105. (a) Two functions f and g agree at all but one point (on an open interval) if f(x) = g(x) for all x

in the interval except for x = ¢, where c is in the interval.

(b) Answers will vary. Sample answer:

-1 (x+Dx -1

f(x) - x =1 x -1
106. f(x) = x, g(x) = sin x, h(x) = sin x
X
7
g h
-5 t 5

When the x-values are “close to” 0 the magnitude of f
is approximately equal to the magnitude of g. So,
|g|/| ] = 1whenxis “close to” 0.

and g(x) = x + 1 agree at all points except x = 1.

sin? x

107. f(x) = x, g(x) = sin® x, h(x) =

NS

-2

X

When the x-values are “close to” 0 the magnitude

of g is “smaller” than the magnitude of f and the
magnitude of g is approaching zero “faster” than

the magnitude of f. So, g‘ / ‘ f‘ =~ ( when x is “close

to” 0.

108. (a) Use the dividing out technique because the numerator and denominator have a common factor.

2 —_— —_—
T +x -2 - lim x+2)(x-1
x>-2 x + 2 xo-2 x+2

x—-2

= lim (x-1)=-2-1=-3

(b) Use the rationalizing technique because the numerator involves a radical expression.

Nx+4 -2

Nx+4 -2 Nx+4+2

lim ———— = lim -
x—0 X x—0 X x4+ 4+ 2
— lim (x+4) -4

(et 4+ )
1

= lim
109. s(r) = —16¢> + 500

s(2) = s(1)

1
=0 x+4+2 JA+2

~16(2)" + 500 — (=161 + 500)

lim ——*~ = lim
t—2 2 —t t—2 2 —t
436 + 162 — 500
= m-————
t—2 2 —t
16(£> — 4
=lim7( )
t—2 2 —t
16(r — 2)(t + 2
16 2+ 2)
t—2 2 —t

= lim -16(¢ + 2) = —64 fi/sec
t—>2

The paint can is falling at about 64 feet/second.
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98  Chapter 1 Limits and Their Properties

500 55 55 .
2 2

110. s(r) = -16¢> + 500 = 0 when ¢ = - sec. The velocity at time a = is

Vs
S[z] O (e + s00)

16(# - gj
4

= lim
q(ﬂj 5V/s
S| -t
2
16 t + ﬂ t — ﬂ
i 2 2
= m
H(sﬁ) V5,
2
= lim_|-16]7 + 55 = —80~/5 fi/sec
PNENES 2
2

=~ —178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

111. s(t) = —4.97 + 200

_ —4.9(3) + 200 — (=4.922 + 200
limM = lim ( ) ( )
>3 3 —¢ t—3 3 —¢

49(2 -9
= lim ( )
t—3 3 -t
i 4.9(t - 3)(t +3)
t—3 3 -t
= lim [-4.9(t + 3)]
= -29.4 m/sec

The object is falling about 29.4 m/sec.

112. —4.9¢> + 200 = Owhen ¢ = % = 20;/5 sec. The velocity at time a = gis
— s(t 0 — | —4.9¢2 + 200
o S@ = s _ 0] ]
t—a a—1t t—a a—t
49(t + a)(t -
—im 2 A= 9)
t—a a—1
= lim |-49¢+ 2075 = —28/5 m/sec
o205 7
7
=~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

113. Let f(x) = l/xand g(x) = -1/ x. lirr(l) f(x) and lin}) g(x) do not exist. However,
xX— xX—>

)l(iir(l) [f(x) + g(x)] = lim

x—0

{1 + (—j} = lim [0] = 0 and therefore does not exist.

X X x—0
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Section 1.3 Evaluating Limits Analytically 99

114. Suppose, on the contrary, that lim g(x) exists. Then, 120. Let
i , e ) 4, if x>0
x) =
because lim f(x) exists, so would )1(115 [f(x) + g(x)}, . 4 ifx<0
which is a contradiction. So, lim g(x) does not exist. lim ‘ f(x ‘ — lim4 =4
x—c = = 4.
x—0 x—0

115.

116.

117.

118.

119.

Given f(x) = b, show that for every & > 0 there
existsa § > 0 such that ‘ f(x) - b‘ < & whenever
|x = ¢| < 8. Because | f(x) = b|=|b - b|=0< ¢

for every & > 0, any value of § > 0 will work.

Given f(x) = x", nis a positive integer, then

lim x" = lim(xx"’l)
xX—=c¢ xX—=c¢

= [tm ]t ] = [t (o)
= c[lim x} [lim x"ﬂ = ¢(c)lim (xx")

X—c X—=c X—=c¢

If b = 0, the property is true because both sides are
equal to 0. If & # 0, let £ > 0 be given. Because
lim f(x) = L, there exists § > 0such that

xX—c

(x) - L‘ < &/|b| whenever 0 <|x — ¢|< 6.
So, whenever 0 <|x — ¢| < &, we have

6] £(x)
which implies that lim [ bf(x)] = bL.

—L‘< £ or ‘bf(x)—bL‘< £

Given lim f(x) =

For every £ > 0, there exists 0 > 0 such that
‘f(x) - O‘ < & whenever 0 <|x — ¢|< 6.
Now‘f(x) - 0‘ :‘f(x)‘ = Hf(x)‘— 0‘ < & for

‘x - c‘ < 6. Therefore, lim‘f(x)‘ = 0.
X—cC

(a) Ifhm‘f(x)‘ = 0, then llm[ ‘f(x)u =
1@ < 1) <[ 1)
hm[ )H < lim f(x) < lim | f(x )‘
0 < lim f(x) <

x—c

Therefore, lim /(x) = 0.

(6 Given lim /() = L
For every ’8 > 0, there exists § > 0 such that
| f(x) = L| < & whenever 0 <|x - ¢|< &.
Because || (x)|-| || <] /(x)
|x = ¢| < &, thenlim | f(x)[ =|L].

—L‘< & for

121.

122.

123.

lirr%J I (x) does not exist because for
xX—>

x <0, f(x) = —4andfor x 2 0, f(x) =

Jim A% F _ i

x—0 X x—0 X

l—cosx 1+cosx

1+ cos x
. 1—cos’x sin?x
= lim

=0 x(1 + cos x)

= x(1 + cos x)

sin x sin x

= lim

=0 x 1+ cosx

. osinx||.. sin x
= lim lim
=0 X x=0 1+ cos x

- ()(0) = 0

0, ifx isrational
1, ifx isirrational
{0, if x is rational

x, ifx is irrational

lim f(x) does not exist.
x—0

No matter how “close to” 0 x is, there are still an
infinite number of rational and irrational numbers so

that lin}) S (x) does not exist.
Vi g(x) = 0

When x is “close to” 0, both parts of the function are
“close to” 0.

g YE+7 =3 Nx+7-3 Jx+7+3
x—2 x—-2 x—2 x—-2 x+7+3
. (x+7)-9
= lim
=2 (x = 2)(Nx + 7 +3)
= lim x 2

52 (x - 2)(\/m +3)

=lim —

=2/x+T7+3

1

:\/2+7+3

So, the answer is B.
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100 Chapter 1 Limits and Their Properties

124. Evaluate each limit. Xt 81 ) (x2 + 9)(x2 - 9)
I:  Using a graphing utility, 125. lim = lim
1 =3 x —3 x—3 x-3
lim & does not exist. (x2 + 9)(x +3)(x - 3)
=l x =1 = lim
R , -1, x<0 3 ¥ -3
L O A i 49+ )

does not exist because the limits on each side of
x = 0 do not agree.

(3> +9)3 +3)

= 108
NI lim f(x), where f(x) = 1’ does not So, the answer is C.
x—2 0, x>2
exist
because the limits on each side of x = 2 do not
agree.
Because the limits of I, II, and III do not exist, the
answer is D.
Section 1.4 Continuity and One-Sided Limits
1. (@ lim f(x) =1 5. lm f(x)=-3
x—3*t x—2F
(b) lim f(x) =1 (b) lim f(x) =3

x—=3" o2
(¢) lim f(x) =1

() lim2 /(x) does not exist

o . . . The function is not continuous at x = 2.
The function is continuous at x = 3 and is continuous

—o0, 0o 6. (a hm x)=0
on (—oo, oo). (),H,ﬁf()
. b) lim x) =2
2 @ lim f(x) =2 (b) lim f(x)
(®) lim flx) = =2 ©) xli_)rr}l /(x) does not exist.
X._)_z The function is not continuous at x = —1.
(¢) lim f(x) =-2
x—>-2 1 1 1
The function is continuous at x = —2 and is 7. lim = = —

. st x+8 848 16
continuous on (—eo, o).

. 8. lim = 3 = 1
3. (a) 11m+f(x)=0 -3 x+3 343 2
x—3
() lim f(x) =0 9. lim ’2‘_4 — fim — >4
X3 x4t X7 =16 o4t (x +4)(x - 4)
(c) lgng flx)=0 = lim
¥ x—4t x + 4
The function is not continuous at x = 3. 1
_ 4+ 4
4. (@ lim f(x)=3 {
x—-3t —
8
() lim f(x) =3
x—-3"
(c) xhﬁrr_l} f(x)=3
The function is not continuous at x = -3.
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10.

11.

15.

16.

17.

18.

19.

20.

21.

22.

A € )
o5t (x + 5)(x = 95)
lim ——
x5t x + 5
-1
5+45
_1
10

lim >
x5t x° — 25

lim does not exist because

X X
x=>-7" A/x? - 49 x? - 49
decreases without bound as x approaches —7 from the
left.

- 1imw

= 1
a0 x(x + Ax) 1m

L
Ax

= lim

Secti

12.

13.

14.

—Ax

av—0" x(x + Ax)

-1

Ar—0~ x(x + Ax)

_ -t
x(x + 0)

(x+Ax)2+(x+Ax)—(x2+x)

on 1.4 Continuity and One-Sided Limits 101

Jx -2 -2 Jx+2

lim = lim .
o4 x— 4 s x—4  Jx+2
. x—4
= lim

o (x - 4)(\/} + 2)
1

1 1
Jr+2 Ja+2 4

= lim
x—4

—X

x|

lim — = lim — = -1
x—=0" X x—=0" X
—12 _
i TR Y212
xo2t X — xoi2t x — 12 xo12F
1
Ax

x2+2x(Ax)+(Ax)2+x+Ax—x2—x

lim = lim
Ax—0" Ax Ax—0*
= lim
Ax—0t
- Ax—0t
lim f(x) = m* " 2=2
x—37 x—37 2 2

lim f(x) = lim (x> —4x+6)=9-12+6=3

x—3" x—3"
xli%f(x)lei?(—x2+4x—z) =-9+12-2=1

Because these one-sided limits disagree, lim f(x)
x=3

does not exist.

Limit does not exist. The function decreases without
bound as x approaches 77 from the left and increases
without bound as x approaches 7 from the right.

Limit does not exist. The function increases without

bound as x approaches g from the left and decreases

T
without bound as x approaches 3 from the right.

lim (7[x] - 5) = 73) - 5 = 16

x—4"

lim (4x - [x]) = 42) -2 =6

x—2F

lim (2x + Ax + 1)
2x+0+1=2x+1

23.

24.

25.

26.

27.

28.

113; (3 - [[—x]}) does not exist because
lim f(x) = lim f(x).
x—27 x—2t

xlirg B-[=)=3-(2)=5

lim 3 -[-x])=3-(-3) =6

x—2t

lim [1 - |[—’2“1D —1-(-1)=2

lim+ In(x — 4) does not exist because In(x — 4)
x—4

decreases without bound as x approaches 4 from the
right.

lim In(5 — x) does not exist because In(5 — x)
x5

decreases without bound as x approaches 5 from the
left.

lim In[x*(4 - x)] = In[2*(4 - 2)| = In8

x—=27

X 10

=In
Jx -9 J10 -9

=1n10

lim In
x—10%
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29.

30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

Chapter 1 Limits and Their Properties

1
x* -4
has discontinuities at x = -2 and x = 2
because f(—2) and f(2) are not defined.

f(x) =

2
f(x)z);+1

has a discontinuity at x = —1 because f(—1)isnot
defined.

f(x)=@+x

has discontinuities at each integer £ because
lim f(x) # lim f(x).
x—k~ x—kt

X, x <1

f(x) =12,

2x -1, x>1

because f(1) =2 # lim1 flx) =1

x = lhas a discontinuity at x = 1

g(x) = ~/49 — x? is continuous on [-7, 7].
f(t) =3 =~/9 = is continuous on [-3, 3].

lim f(x) =3 = lim f(x).So, fis continuous on
x—0" x—=0

[-1, 4]
g(3) is not defined. So, g is continuous on [-1, 3).

As x approaches —1 from the left, the denominator

x* — 1is positive and approaches 0. So, R
X2 -

increases without bound. Thus, lim > does not

xo-17 X7 —

exist.

2(2) is undefined. Because the domain of g is
(-=.2)

g is continuous on (—es, 2).

4
J(x) = = has a nonremovable discontinuity at x = 0
x

because lirr}) /(x) does not exist.
X—>

has a nonremovable discontinuity at
x —

X = 4 because lini /(x) does not exist.
x—>

f(x) = 3x — cos x is continuous for all real x.

42.

43.

44.

45.

47.

48.

49.

50.

f(x) = x* — 4x + 4 is continuous for all real x.

1 1
= = has nonremovable
4 — x? (2—x)(2+x)

discontinuities at x = *2 because lim2 f(x)and
x—

/()

lim f(x) do not exist.
x—-2

is not continuous at x = 0, 1.

1
— x#0,x
x—1

a removable discontinuity, whereas x = lisa
nonremovable discontinuity.

X .
Because —; = 0is

XT =X

f(x) = P is continuous for all real x.
X
x =5 x =35
. f (x) = =
x° =25 (x+5x-95
has a nonremovable discontinuity at x = —5 because

lim f(x) does not exist, and has a removable
x—-5

discontinuity at x = 5 because

1 1
li =1 = —,
fim /() = lm =5 = 7o
f(x): x+ 2 x+ 2

x2—3x—10:(x+2)(x—5)

has a nonremovable discontinuity at x = 5 because
lim f(x) does not exist, and has a removable
x—5

discontinuity at x = -2 because
1 1
lim f(x) = lim = ——.
x—-2 f( ) x»2x -5 7
I(x) = 2x+2 _ x+ 2 has a
x*—x—-6 (x=-3)(x+2)

nonremovable discontinuity at x = 3 because

lirrg f(x) does not exist, and has a removable
x—

discontinuity at x = —2 because
lim f(x) = lim L
x—>-2 - x—-2x —13 - 5
‘x + 9‘ . .
f(x) = Py has a nonremovable discontinuity at
X+
x = -9 because lim9 f(x) does not exist.
x——
x = 5|
xX) = ——
/) x =5

has a nonremovable discontinuity at x = 5 because
lim f(x) does not exist.
x—=5
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52.

53.

54.

Section 1.4 Continuity and One-Sided Limits

x, x<1
f(x) = {xz, x>1
has a possible discontinuity at x = 1.
M s =1
) lir?i f(x) = 1i1111 x=1
xl?n}l)f f(x) = Xl?rr}f ¥ =1 l'linlf(x) =1

(3) f(-1) = lim f(x)
x—1
Because f is continuous at x = 1, /" is continuous for

all real x.

2x+3, x<1

0=

x°, x >1

has a possible discontinuity at x = 1.

M f1)=1r=1

(@ lim f(x) = lim (2x +3) =1
= o lim f(x) = 1
lim f(x) = lim x* =1 ¥l
x—1* x—1

3) /(1) = lim f(x)

Because [ is continuous at x = 1, /" is continuous for all real x.

X
—+1, x<2
f(x): 2

3—x, x>2

has a possible discontinuity at x = 2.

u)ﬂn:%+1:z

2 lim f(x) = lim
x—27
lim f(x) = lim 3-x) =1
x—2t x—2t

So, f has a nonremovable discontinuity at x = 2.

f(x) =

—-2x, x <2
X+l x>2

has a possible discontinuity at x = 2.

M /(2) = -2(2) = 4

(2) lim f(x) = lim (-2x) = —4
x—27

e lim f(x) does not exist.
lim f(x) = lim (¥ +1) = 5] *?

x—2 x—2t

So, f has a nonremovable discontinuity at x = 2.
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104

SS.

56.

57.

65.

Chapter 1 Limits and Their Properties

X
) tan —, x‘ <1
f(x) = 4
X, ‘x‘ >1
tan E, -1<x<1
= 4
X, x <—lorx =1
has possible discontinuities at x = =1, x = 1.
M f(=1) =1 =1

@ lim f(x) = -1 lim f(x) = 1
() /(=1) = lim f(x) SQ) = lim 1 (x)

Because f'is continuous at x = %1, f is continuous for
all real x.

X
csc —,
6

x—3‘£2

S ()
2, |x -3|>2

X
csc—, 1<x<5

2, x<lorx >S5
has possible discontinuities at x = 1, x = 5.
(1) f(l)=csc%=2 f(5)=csc5—”=2
?2) llg}f(x) =2 lgf(x) =2

@) f(1) = lim f(x) /(5) = lim f(x)

Because f'is continuousat x = land x = 5, f is
continuous for all real x.

In(x +1), x=0

2
1 - x%,

0=

has a possible discontinuity at x = 0.

(1) f(0)=In(0+1) =Inl=0

x<0

@ lim f(x)=1-0=1
x—0” lim f(x) does not exist.
lim f(x) =0 0

x—0t

So, f has a nonremovable discontinuity at x = 0.

58.

59.

60.

61.

62.

63.

64.

10-37%, x>5
X)) =
/) 10—§x, x<5

has a possible discontinuity at x = 5.

1 f(5) =7

(2) lim f(x) =10 — 365_5 =7
x—5" hm f(x) _ 7
lim f(x) =10 - %(5) =7 x—5
x—=5"

3) f(5) = lim f(x)

Because f'is continuous at x = 5, fis continuous
for all real x.

f(x) = csc x has nonremovable discontinuities at

integer multiples of 7.

X . N
S(x) = tan 5 has nonremovable discontinuities at

each 2k + 1, where £ is an integer.

f(x) = [x — 5] has nonremovable discontinuities at
each integer k because lin}f f(x) does not exist for
x—

each integer k.

f(x) = 8 — [x] has nonremovable discontinuities at
each integer k because lin}f f(x) does not exist for
x—

each integer k.

lim f(x) = lim x* =8
x—27 x—=27

lim f(x) = lim ax* = 4a
x—2F x—27F

Because 4a = 8, f(x)is continuous when a = 2.

lim g(x) = lim 2505 4

x—0" x—0" X

lim g(x) = lim (a — 2x) = a

x—0" x>0t

f(x) is continuous when a = 4.

Find a and b such that lim (ax + b) =—a+b =2and lim (ax + b) =3a+b=-2.

x—-1t
a—-b==2
(+)3a + b =2 2, x < -1
4a = -4 f(x)=4—=x+1 -1<x<3
a= -1 -2, x2>3
= 2+ (- =1
f(x) is continuous whena = —land b = 1.
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66. lim g(x) = lim - 7. f(g(x) = ! S
'x—mg x—sa X —a (x2+5)—6 xr -1
= lim (x + a) = 2a Nonremovable discontinuities at x = *1

x—a

Because 2a = 8, f/(x) is continuous when a = 4. 7. f(g(x)) — sin 2

67. f(1) = arctan(l - 1) + 2 = 2 Continuous for all real x
Find @ such that lim (aex“ + 3) =2. 73,y =[x] - x
x—=1"
qe'l + 3 = Nonremovable discontinuities at each integer
0.5
a+3=

68. f(4) = 2¢* -2

RN

Find a such that lim In(x — 3) + x* = 2¢* - 2.
x—4t 1 1
74. h(x) = 3 =
1n(4—3)+42=264“—2 x° +2x - 15 (x +5)(x -3
16 = 264 — 2 Nonremovable discontinuities at x = -5 and x = 3

2
) oL
In9 = 4a s . . 7
In9 In 3% In3 ( )
a = —— = - —

4 4 2 —

69. f(g(x)) = (x - 1)2 75. g(x) = {xz -3x, x >4

Continuous for all real x 2x -5, x<4

1 Nonremovable discontinuity at x = 4
10

70. f(g(x)) = N j

Nonremovable discontinuity at x = 1; continuous for

all x > 1 > / 8

cosx — 1
—, x <0
76. f(x) = X
5x, x>0
f(0) = 5(0) = 0 )
-1
lim f(x) = tim XD /
x—0" x—0" X -7 2
lim f(x) = lim (5x) =0
x—0t x>0t -3

Therefore, l_in(l) f(x) =0 = f(0)

and f is continuous on the entire real line. (x = 0 was the only possible discontinuity.)

x> —16 x+1
77. = 78. f(x) =
/) x—4 ) Jx
f is continuous on (—eo, 4) U (4, o). f is continuous on (0, o).
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79. f(x) =3 -/ 5. f(x):x3_8

x =2

80. f(x) = x/x + 3 \_/
/ is continuous on [-3, o).

0

/ is continuous on [0, ).

. mx
81. f(x) = secj The graph has a hole at x = 2. The graph appears to
be continuous, but the function is not continuous on

f is continuous on . .
[-4, 4]. Ttis not obvious from the graph that the

e (-6, -2), (-2, 2), (2, 6), (6,10), ...
function has a discontinuity at x = 2.

1
82. f(x) = cos— In(x* +1
(x) = cosy 87. f(x) = Inf’ +1)
£ is continuous on (=0, 0) U (0, o). x
3
- x #1
83 f(x)=<x-1’ -4 4
2, x =1
-3
Because
lim f(x) = lim x? -1 = lim x-Dx+1 The gra‘ph has a hole at x = 0. .The graph. appears to
x—l x=l oy — 1 x>l x -1 be continuous, but the function is not continuous on

[-4, 4]. Ttis not obvious from the graph that the

lim(x+1) =2,
e function has a discontinuity at x = 0.
f is continuous on (—eoo, o).

4+ 1
88. f(x) =<
84 f() 2x —4, x#3 e’ —1
. f(x) =
1, x =3 5
Because lim f(x) = lim (2x —4) =2 # 1,
x—3 x—=3
f is continuous on (—oo, 3) U (3, ). - s
) -2
. sin x
85. f (x) = . The graph has a hole at x = 0. The graph appears to
. be continuous, but the function is not continuous on
[-4, 4]. Ttis not obvious from the graph that the
function has a discontinuity at x = 0.
-4 4
89. f(x) = ﬁx“ — x* + 4is continuous on the interval

-2

[L,2] (1) = % and f(2) = —%. By the Intermediate
The graph has a hole at x = 0. The graph appears to
be continuous, but the function is not continuous on
[-4, 4]. Ttis not obvious from the graph that the

Value Theorem, there exists a number c in [1, 2] such
that f(c) = 0.

function has a discontinuity at x = 0.

5 T
90. f (x) =2 ttan 2 is continuous on the interval [1, 4].
X 10

f(1) = =5 + tan % ~ 47 and

5 2
f(4) = 2 + tan ?ﬂ = 1.8. By the Intermediate

Value Theorem, there exists a number c in [1, 4] such

that f(c) = 0.
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91.

h is continuous on the interval {0, %}

h(0) = -2 < 0 and h(gj = 0.91 > 0. By the

Intermediate Value Theorem, there exists a number ¢ in

[0, %} such that h(c) = 0.

92. g is continuous on the interval [0, 1].

93.

94.

95.

96.

g(0) = =2.77 < 0 and g(1) = 1.61 > 0. By the

Intermediate Value Theorem, there exists a number ¢ in
[0, 1] such that g(c) = 0.

flx)=x+x-1

/() is continuous on [0, 1].

f(0) = -land f(1) =1

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.68. Using the root feature, you find that
x = 0.6823.

f(x) =x*—x?+3x -1

S (x) is continuous on [0, 1].

£(0) = 1 and () = 2

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.37. Using the root feature, you find that
x = 0.3733.

g(t) = 2cost — 3t
g is continuous on [0, 1].
g(0) =2 > 0and g(1) = -1.9 < 0.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(r), you find that

t = 0.56. Using the root feature, you find that
t = 0.5636.

0

h(6) = tan 6 + 36 — 4 is continuous on [0, 1].

h(0) = —4and A(1) = tan(l) -1 = 0.557.

By the Intermediate Value Theorem, (c) = 0 for at
least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of h(8), you find that

6 = 0.91. Using the root feature, you obtain
1 0.9071.

0

Section 1.4 Continuity and One-Sided Limits 107

97.

98.

99.

fx)=x+e -3

fs continuous on [0, 1].

f(0) =€" -3 =-2<0and
fA=1+e-3=e-2>0.

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.79. Using the root feature, you find that

x = 0.7921.

g(x)=5In(x+1) -2

g is continuous on [0, 1].

g(0) =5In(0+1)—2 = -2 and

g(l) = 5n(2) -2 > 0.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(x), you find that

x = 0.49. Using the root feature, you find that
x = 0.4918.

fx)=x*+x-1
fs continuous on [0, 5].
f(0) = —land f(5) = 29
-1<11 <29
The Intermediate Value Theorem applies.
X +x-1=11

X +x-12=0

(x+4)(x-3)=0

x=-4orx =3
¢ = 3 (x = -4 is not in the interval.)
So, f(3) = 11.

100. f(x) = x* —6x+38

fis continuous on [0, 3].
f(0) = 8and f(3) = -1
-1<0<8
The Intermediate Value Theorem applies.
X2 —6x+8=0
(x=2)(x-4) =0

x =2o0orx =4

¢ = 2 (x = 4isnot in the interval.)

So, f(2) = 0.
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101. f(x) =x-x>+x-2
fis continuous on [0, 3].
f(0) = —2and f(3) =19
-2 <4<19

The Intermediate Value Theorem applies.
¥-x*+x-2=4
¥-x>+x-6=0
(x—2)(x2+x+3)= 0
x=2

c=2 (x2 + x + 3 has no real solution.)

So, f(2) = 4.

X2+ x

102. f(x) =

x -1
fis continuous on E, 4}. The nonremovable

discontinuity, x = 1, lies outside the interval.

5 35 20
—|=-—and f(4) = —
73) = 2 ama s
3 g
6 3
The Intermediate Value Theorem applies.
2
x4+ x 6
x -1
X2 +x=6x-6
¥ -5x+6=0
(x=2)(x-3)=0

x=2o0rx =3

¢ =3 (x = 2 isnot in the interval.)

So, f(3) = 6.

103. N(t) = 25(2[[’ 22 —r]
‘ 0|1 |1s|2]3 ]38
N() | 50|25 ] 5 | 50|25 5

There is a nonremovable
discontinuity at every positive
even integer. The company
replenishes its inventory
every two months.

Number of units

2 4 6 8 10 12
Time (in months)

104.

105.

106.

107.

lim f(t) = 28
t—4"
lim f() =~ 56
t—4t

At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 ounces. At the beginning of
day 4, more chlorine was added, and the amount is now
about 56 ounces.

(a) The limit does not exist at x = c.

(b) The function is not defined at x = c.

(c) The limit exists at x = ¢, but it is not equal to the
value of the function at x = c.

(d) The limit does not exist atx = c.

Answers will vary. Sample answer:

.ﬁ ,
|
1

—+— x
-2-1 | 1 34567
o4

The function is not continuous at x = 3 because
lim f(x) =1=#0= lim f(x).
+ x—37

x—3

If f and g are continuous for all real x, then so is
f + g (Theorem 1.11, part 2). However, f/g might

not be continuous if g(x) = 0.For example, let

f(x) = xand g(x) = x> — 1.Then f and g are
continuous for all real x, but f/g is not continuous at
x = £l
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108.

109.

110.

111.

112.

A discontinuity at ¢ is removable if the function f'
can be made continuous at ¢ by appropriately defining
(or redefining) f(c). Otherwise, the discontinuity is

nonremovable.
x—4
@ () =24
x—4
sin(x + 4)
b x)=—=~
®) f( ) x+ 4
I, x=>4
()f() 0, 4<x<4
c x) =
, x=-4
0, x< -4
x = 41is nonremovable, x = —4 is removable
1
N
» L
° 14 *~—
D S I S A
i
True

(1) f(c) = L is defined.

) Allg} f(x) = L exists.

3) f(¢) = lim f(x)

All of the conditions for continuity are met.

True. If f(x) = g(x), x # c, then }rlirg f(x) = )lrlir; g(x)

(if they exist) and at least one of these limits then does
not equal the corresponding function value at x = c.

True. For x € (-1, 0),[x] = —1, which implies that
lim [[x]] = -1.

x—0"

False. f(1)is not defined and lin} /() does not exist.
xX—

Section 1.4 Continuity and One-Sided Limits

113.

114.

115.

116.

117.

109

Let s(¢) be the position function for the run up to the
campsite. s(0) = 0 (+ = 0 corresponds to 8:00 A.M.,
5(20) = k (distance to campsite)). Let 7(¢) be the
position function for the run back down the mountain:
r(0) = k, r(10) = 0.Let f(¢) = s(t) - r(2).

When ¢ = 0(8:00 AM.),

f(0) = s(0) — r(0) =0 -k < 0.

When ¢ = 10(8:00 AM.), f(10) = s(10) — (10) > 0.
Because f(0) < Oand f(10) > 0, there must be a
value 7 in the interval [0, 10] such that f(r) = 0.If
f() = 0,then s(r) — r(¢) = 0, which gives us

s(t) = r(l), Therefore, at some time ¢, where

0 < ¢ < 10, the position functions for the run up and the
run down are equal.

4 . .
Let V = 572'}”3 be the volume of a sphere with radius .

V is continuous on [5, 8] ¥(5) ~ 523.6and

_ 5007
3

= 20487 =~ 2144.7. Because

V(8)

523.6 < 1500 < 2144.7, the Intermediate Value
Theorem guarantees that there is at least one value
between 5 and 8 such that ¥ (r) = 1500. (In fact,

r = 7.1012.)

Let ¢ be any real number. Then lim f(x) does not exist
xX—=c

because there are both rational and irrational numbers
arbitrarily close to ¢. Therefore, f is not continuous at c.

If x = 0,then f(0) = 0and lirr(l) f(x) = 0.So, fis
X—
continuous at x = 0.

If x # 0,then lim f(¢) = O for x rational, whereas
—x

lim f(7) = lim kt = kx # 0 for x irrational. So, f is

t—>x —>x

not continuous for all x # 0.

f(x):{l—xz, x<c¢

X, x>c

N

\Y

f'is continuous for x < c¢and for x > ¢. At x = ¢,you
need 1 — ¢ = c.Solving ¢*> + ¢ — 1, you obtain

C_—lix/1+4_—1i\/§

2 2
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118.

119.

120.

121.

f(x) = 7Vx+cz_c’c >0

X

Domain: x + ¢> 20 = x > —c?and x # 0, [—02,0) U (0, )

lim = lim

Nx+e? +e (x+cz)_cz o 1 1

= lim Im — = —

\/X+CZ—C
X

x—0 x—=0

\/X+02—C.
X

Nx+ct+e Xﬁox[ x+c2+c} WOx+c?+e 2

Define f(0) = 1/(2¢) to make f continuous at x = 0.

F
(a)

450
445
440

435

430

(b) No. The frequency is oscillating.

-1, ifx <0

sgn(x) =<0, if x
1, if x>0

(a) lim sgn(x) = -1

x—=0"

(b) lim sgn(x) =1

x—0t

(©) lirr(l) sgn(x) does not exist.

The functions agree for integer values of x:
gx)=3-[-x]=3-(-x)=3+x
f(x)=3+[x]=3+x

However, for non-integer values of x, the functions differ

by 1.
f(x) =3+[x] = g(x) -1 =2-[-x]

For example,

fB)=3+0=3¢g)=3-(-1)=4

122. h(x) = x]

h has nonremovable discontinuities at
x = £1,£2,+£3, ...

123. (1) f(c)is defined.
Q) 11_)rri f(x) = Alxir_r}0 Sfle + Ax) = f(c) exists.
[Let x = c + Ax.As x = ¢, Ax — 0]
(3) lim f(x) = f(c)
Therefore, f is continuous at x = c.

124. Suppose there exists x; in [a, b]such that f(x) > 0
and there exists x, in [a, b] such that f (x,) < 0.
Then by the Intermediate Value Theorem, f(x)
must equal zero for some value of x in [x, x, ]

(or [x,, x,]if x, < x;). So, fwould have a zero in
[a, b], which is a contradiction. Therefore, f (x) >0

forallxin [a, bor f(x) < Oforallxin [a, b].

125. Let y be a real number. If y = 0,then x = 0.If y > 0,
thenlet 0 < x, < z/2suchthat M = tanx, > y

} for x an integer (this is possible because the tangent function increases

without bound on [0, 7/ 2)) By the Intermediate Value
Theorem, f(x) = tan x is continuous on [0, x,] and

0 < y < M, which implies that there exists x between 0
and x, such that tan x = y. The argument is similar

when y < 0.
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126. (a) Define f(x) = f5(x) — fi(x). Because f; and f, are continuous on [a, b], so is f.
fla) = fa(a) = fia) > 0and f(b) = f2(b) = fi(b) < O
By the Intermediate Value Theorem, there exists ¢ in [a, b] such that f(c) = 0.
fle) = fale) = file) = 0= fie) = fale)
(b) Let fi(x) = xand f(x) = cos x, continuous on [0, 7/2], £(0) < f3(0)and fi(z/2) > fi(x/2).
So by part (a), there exists ¢ in [0, 77/2] such that ¢ = cos c.

Using a graphing utility, ¢ = 0.739.

3
127. The domain of f(x) = ————isallxwhere x* —1>0 = x> > 1 = x > lorx < —1.
A

So, fis continuous on (1, e) U (—eo, —1). So, the answer is A.

¥+ x-2 ozl
128. f(x) = x—-1 ~ has a possible discontinuity at x = 1.
c, x=1
f) =
3 - x—1)(x* +x+2
limf(x)zlimszzlim( A )=lim(x2+x+2)=4
x—1 x—1 x —1 x—1 x —1 x—1

f(x) is continuous at x = 1when f(1) = liml f(x) = c=4
x—

So, the answer is D.

2, x < -1 (b) y
129. (a) p(x) =<ax+b, -1<x<3 T
-2, x=3 \; \
lim p(x) = lim (ax+b)=a(-1)+b=-a+b TN
x—-1T x> -1+
lim p(x)= lim (ax+b)=a(3)+b=3a+b =T
x—=37 x—=37 -3+

p(x) is continuous when —a + b = 2 and (c) When @ = —landb = Lax + b = —x + 1.

arhe lim p(x) = lim (—x +1) = ~(0) + 1 = 1
So, lim p(x) = lim (-x +1) = —(0) +1 = 1.
-a + b = 2 —a+b=2 x—=0 x—=0
3a + b = =2 -(-)+b=2
—4a = 4 b =1
a = -1
So, p is continuous when ¢ = —land b = 1.
XX +5 x<2
130. f(x) =<4 _16
T x> 2
X2 -
. .oxt =16 . (x2 - 4)(x2 + 4) . )
(a) xlin;r f(X) - xll)rgl+ x2 -4 - lenZlJr x2 -4 - lenZlJr (X2 " 4) - (2) ta=8

(b) lim f(x) = lim (x> +5) =2"+5=9

x—=27 x—=27

(c) lirr% /() does not exist because lim f(x) # lim f(x).
x—

x—2t x—=27

() lim f(x) = lim (x> +5) = (-2)"+5 =9

x—-2 x—-2
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Section 1.5 Infinite Limits

1.

10.

. m
xos2tx + 2

lim 2
x—-2%

> = o0
x" -4

lim 2
x—>-2"

x* -4

Il
8

. 1
lim
x5 X + 2

Il
|
3

. X
lim tan — =
x—o=2t

. X
lim tan — = oo

x—-2"

. Tx
lim sec — =
x—-2t

x—4
As x approaches 4 from the left, x — 4 is a small

negative number. So,

lim f(x) = —ee.

x—4-

As x approaches 4 from the right, x — 4 is a small
positive number. So,

lim f(x) = .
x4t

-1

6. f(x)=x_4

As x approaches 4 from the left, x — 4 is a small
negative number. So,

lim f(x) = oo,
x—4"

As x approaches 4 from the right, x — 4 is a small
positive number. So,

lim /(x) = —=
7. f(x) = ﬁ

As x approaches 4 from the left or right, (x — 4)2 isa

small positive number. So,

lim f(x) = lim f(x) = eo.
x—4t x—4"
-1
8. = —
f(x) (x - 4)2

As x approaches 4 from the left or right, (x — 4)2 isa

small positive number. So,
lim f(x) = lim f(x) = —oo.
x—4" x—4T

1
fx) = x* -9
x -3.5 | 3.1 -3.01 | -3.001 | -3 | =2.999 | -2.99 | 2.9 -2.5
f(x) | 0308 | 1.639 | 16.64 | 166.6 | ? -166.7 | —-16.69 | —-1.695 | —0.364
lim f(x) = oo 2
x—-3"
Jim f(x) = = _J’( \h_

-2

x
fx) = x* -9
X -3.5 -3.1 -3.01 -3.001 | 3| -2999 | 299 | 29 |25
f(x) | -1.077 | -5.082 | =50.08 | —500.1 | ? 499.9 49.92 | 4915 | 0.9091
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11.

12.

13.

14.

15.

Section 1.5 Infinite Limits

-3.01

-3.001 | -3

-2.999

-2.99

-29

-2.5

150.8

1501 ?

-1499

-149.3

-14.25

-2.273

-3.01

-3.001

-2.999

-2.99

-29

-0.529

—5.528

—55.528 | ?

55.583

5.583

0.584

0.145

-3.01

-3.001 -3

-2.999

-2.99

-2.9

2.5

63.665

636.620 | ?

—636.620

—63.665

—6.392

—1.414

4

)

\

U

[HY

—4

-3.01

-3.001

-2.999

-2.99

-2.9

-2.5

-9.514

-95.49

-954.9

954.9

95.49

9.514

1.7321

S =

X

lim%zooz limi

x—0t X x—=0" XZ

1Y

Therefore, x = 0 is a vertical asymptote.
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114 Chapter 1 Limits and Their Properties

. 2 =8 (x=2)(x*+2x+4)
16. f(x) = —— 22. x) = =
(x - 3) g =" x-2
lim - e =x*+2x+4,x %2
'H}i(x_z’f limgx)=4+4+4=12
x—2
lim ;= oo There are no vertical asymptotes. The graph has a
x=3 (x — 3) hole at x = 2.
Therefore, x = 3 is a vertical asymptote.
x? - 2x - 15
23. f(x) = -
7. () x2 x?2 x? =5x"+x-5
. f(x) = =
P-4 (x+2)(x-2) :(x—S)(x+3)
2 2 x = 5)(x* +1
lim ——— = coand lim ——— = —o (e =3 1)
x> x° — 4 xs2t XT — 4 x+3 5
= X #
Therefore, x = -2 is a vertical asymptote. X2 +1
x? x? . 5+3 15
li = —ooand li = oo lim f(x) = = =
e MO =S T %
Therefore, x = 2 is a vertical asymptote. There are no vertical asymptotes. The graph has a hole
at x = 5.
18. f(x):fixg -9
X+ 24. h(x) = 32—
No vertical asymptotes because the denominator X 43T —x -3
is never zero. _ (x = 3)(x +3)
(x = 1)(x + 1)(x + 3)
x=3 x=3
19. f(x) = = -3
/) x? + 3x x(x +3) =X7,x¢—
x+Dx-1
lim "3 = —cand lim 3 e lim A(x) = —oand lim A(x) = oo
x—-3" X~ + 3x x—-3% x° + 3x x—-1" x—-1T
Therefore, x = —3 is a vertical asymptote. Therefore, x = —1is a vertical asymptote.
B B lim A(x) = oo and lim A(x) = —oo
lim 2673 = o and lim f 3 = oo, x—1” xolt
x-0” X7 + 3x -0t X7+ 3x Therefore, x = lis a vertical asymptote.
Therefore, x = 0 is a vertical asymptote. _a
. 3-3 3
lim h(x) = —————— = —=
x—>-3 =3+DE-=3-1) 4
35+ 4 3s + 4
20. h(s) = 2 _16 (s — 4)(s + 4) Therefore, the graph has a hole at x = —3.
3s + 4 3s + 4
lim = —coand lim = o e
ot 52 — 16 et 52 — 16 25. fla) = —
Therefore, s = 4 is a vertical asymptote. lim f(x) = —oand lim = oo
. 3s + 4 . 3s + 4 xoI” xo 1t
lim = —occand lim = oo . .
soa- 52 — 16 st s =16 Therefore, x = 1 is a vertical asymptote.
Therefore, s = —4 is a vertical asymptote.
26. g(x) = xe™
21. f(x) = 3 = 3 The function is continuous for all x. Therefore, there are
tx-2 0 (42 -1 no vertical asymptotes.
lim %zwand lim 2;:—00 s
xo-2" X° + x =2 xs2t XT 4 x =2 27 ht—ln(t+1)
Therefore, x = —2 is a vertical asymptote. ' t+2
1. = —oo l = oo
lim % = —ooand lim 2; = oo ngl— h(t) andHIZIJr
xolm xXT +x =2 xolt X7+ x =2
Therefore, t = —2 is a vertical asymptote.

Therefore, x = 1is a vertical asymptote.
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28.

29.

30.

31.

32.

33.

f(2) ln(z2 - 4) = ln[(z +2)(z - 2):|

In(z + 2) + In(z - 2)

The function is undefined for -2 < z < 2.

Therefore, the graph has holes at z = *2, and no

vertical asymptotes.

1
i) = e -1
lim f(x) = —eoand lim f(x) = oo
x—=0" x—0"

Therefore, x = 0 is a vertical asymptote.

f(x) = In(x + 3)

Ii = —oo
Jim, 1)
Therefore, x = —3 is a vertical asymptote.
1
Sf(x) = csc mx = —
sinzx
Let n be any integer.
lim f(x) = —oco Orco
xX—n

Therefore, the graph has vertical asymptotes at x = n,

where 7 is an integer.

sin 7x
f(x) = tan 7x =
cos X
2n +1 . .
cos zx = 0 forx = — where 7 is an integer.
lim f(x) = o0 or —eo
2n+1 "
X—> B

Therefore, the graph has vertical asymptotes at
‘= 2n + 1

, where n is an integer.

s(f) = ——

sin ¢
sin ¢t = 0 fort = nz, where n is an integer.

lim s(¢) = oo or —oo (forn # 0)

t—>nrw

Therefore, the graph has vertical asymptotes at
t = nx,forn # 0.

,h_% s(t) =1

Therefore, the graph has a hole at ¢ = 0.

34.

35.

36.

37.

38.

39.

Section 1.5 Infinite Limits 115

tan &  sin @
6 6 cos 6

g(9) =
T . .
cos @ =0for b = 3 + nm, where 7 is an integer.

lim g(e) = oo QI —oo

9—>%+n7r
Therefore, the graph has vertical asymptotes at
0="1+nrm
2
lim ¢(6) = 1

Therefore, the graph has a hole at 8 = 0.

.oxt =1 .
lim = lim (x -1) = 2
x—=-1 x +1 x—-1
Removable discontinuity at x = —1
2
-3 3
-5
x? —2x -8 -
x—>-1" x+1 -10 'II / 8

. ox?—-2x -8 |
lim ——————— = —x l
x—o-1 x +1 :

Vertical asymptote at x = —1

X+l 8
o x + 1 :k
x4+ -3 I
lim = —oo !
xa—lh_ x +1 —.\II :
Vertical asymptote at x = —1 8
In(x* +1 3
xo-1t x + 1 !
-5 3 3
In(x* +1 !
L Gl I j
xo-1m x + 1 :

Vertical asymptote at x = —1

4
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40.

41.

42.

43.

44.

45.

Chapter 1 Limits and Their Properties

4
1]
:L
1
-6 6
1
1
:
—4
X +x+1
li > = -
x—>1 x’ =1
0.3

1
1
1
1

-5
1
1
1
|

1
1
1
1
5w
1
1
1
|

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

64

./

IMIE]

5

“64

. —2e*
lim = oo
x~>(7r/2)+ COS X

2

\

“a4

—X

lim —— =
x—0* In[sin x]

\

)

I

x—0" 1n|cosx| -

—COS X

y .

1
m = oo
xo-1t x + 1
. -1
lim > = —oo
xo1" (x — ])
lim = oo
x—=2t x — 2
2
X
lim = lim
x2” 2X — X x—2"
. x+3
lim ———— = lim

x~>27x2+x—6

. 6x2 +x -1
lim

(32" 4x* —4x -3

lim (1 + lj = —oo
x50” x

(Bx —1)(2x + 1)
im —a 7
o (2x = 3)(2x + 1)
. 3x -1
lim

et 2x =3

)
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56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

lim[E+COtHJ:g+m:m 69
x—2t 2

.o 3x+2

lim = oo

lim = 2 lim [(xz - 2)(c0s x)}
xo(r/)t seCx  xo(z2)t 70
Y V4
43
2 2
o 71.
lim —5— = —o
x—8~ (x — 8)
hm e*O,Sx .

xozt Sin(— x)

xll)r{)l+ 16Inx = (16)(—o0) = —oo
72.
i 2 _ = —oo
xli)ril+ ln(x 16)
lim xsecx = (EJ(OO) = oo
x—(7/2)” 2
lim x? tan 7x = —oo
x—=(1/2)"
The numerator is factorable.

O 3x+15 0 3(x+35) 03
=25 (x+5)(x-5 x-5

h(x)

So, the graph of % has a vertical asymptote at x = 5,
and a removable discontinuity at x = —5.

. 1 68.
lim |6 — —| = —o°

. No. For example, f(x) =

Section 1.5 Infinite Limits 117

The limits should have been subtracted.

. 1 . X
Because lim = —and lim tan — = oo,
x—-1" + X 2 x—-1"

. A limit in which f(x) increases or decreases without

bound as x approaches c is called an infinite limit. oo is
not a number. Rather, the symbol

lim f(x) = oo

x—c

says how the limit fails to exist.

has no vertical

x> +1
asymptote.

Because f(x) has a vertical asymptote at x = a, each of
these one-sided limits is either e or —oo, To determine
which, evaluate f(x)at a value close to x = a from the

right and a value close to x = a from the left. A positive
result means this one-sided limit approaches oo, and a

negative result means this one-sided limit approaches
—oo, These one-sided limits could also be examined

graphically or numerically by using a table.

1
lim g(x) = lim ——
27 g¥) w2 f(x)
When x approaches 2 from the left, the graph shows that
the denominator f(x) is positive and approaches 0. So,

the quotient ﬁ yields an arbitrarily large positive
x

number, which means that lim g(x) = co.
x—2"

When x approaches 2 from the right, the graph shows
that the denominator f(x) is negative and approaches 0.

So, the quotient ﬁ yields an arbitrarily small negative
X

number, which means that lim g(x) = —eo.
x—2"
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118 Chapter 1 Limits and Their Properties

BT 0.5 0.2 0.1 0.01 | 0.001 | 0.0001

f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | = =0 =0

%o — sin
lim 2% —
x—0t X
15 1.5
0.25
(b)
x 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = =0
920 X — sin x
xlﬁrf)l"' Xz B 0
-1.5 15
0.25
(0
X 1 0.5 0.2 0.1 0.01 0.001 0.0001

f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667

0.25 .
I lim == = 0.1667 (1/6)
x—0t X
15 1.5
-0.25
(d)
x 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001

f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0

X — sin x X — sin x

lim74:oo0rn>3, liminzoo.
x>0t X x—0t X
-15 15

© X 1 0.5 0.2 0.1 0.01 0.001 0.0001

f(x) | 0.1585 | 0.6584 | 4.1583 | 16.6583 | 1666.7 | 1.67 x 10° | 1.67 x 107

X — sin x

lim — s =
x—0" X
15
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Section 1.5 Infinite Limits 119

® X 1 0.5 0.2 0.1 0.01 0.001 0.0001

f(x) | 0.1585 | 1.3168 | 20.7917 | 166.58 | 1.67 x 10° | 1.67 x 10® | 1.67 x 10"

. x-—sinx
lim ———— = o
x—0t X
-15 15

-15

When the power of x in the denominator is greater than 3, the limit is eo.

74. lim P = oo 77. True. The function is undefined at a vertical asymptote.
V-0t
As the volume of the gas decreases, the pressure 78. True
increases.
79. False. The graphs of y = tan x, y = cot x, y = sec x,
2(7 and y = csc x have vertical asymptotes.
75. (@) r = # = lft/sec 7 ymp
V625 -49 12
80. False. Let
) 2(15) 3 fi/ |
r = ——=—— = = ft/sec
625 - 225 2 — x#0
, f(x) = qx
. X -
() lim —)—— = 3, x=0.
x525" </ 625 — x? X .
625 —x The graph of f has a vertical asymptote at x = 0, but
As the distance of the base from the house f(0) = 3.

approaches the length of the ladder, the rate
increases without bound.

81. Let f(x) = Lzand g(x) %, and ¢ = 0.
x x

Total di
76. (a) Average speed = Total distance

Total time lim RS = oo and lim € = oo, but
x—=0 x x—0 x
2d
0= 11 X -1
(d/x) + (d/y) lim | — — — | = lim = —o # 0.
2 x—0 x2 x4 x—=0 x4
50 = =2
y+x
50y + 50x = 2xy
50x = 2xy — 50y
50x = 2y(x — 25)
25x
x —25 Y
Domain: (25, )
(b)
x | 30 40 50 | 60
y | 150 | 66.667 | 50 | 42.857
© lim —2% _ - o

x—25t \Jx — 25 B

As x gets close to 25 mi/h, y becomes larger and
larger.
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Chapter 1 Limits and Their Properties

82. Given lim f(x) = eoand lim g(x) = L:

83.

84.

86.

87.

x—c x—c

(1) Difference:
Let h(x) = —g(x). Then lim A(x) = ~L, and lim [f(x) - g(x)] = lim [ f(x) + h(x)] = e, by the Sum Property.
(2) Product:
If L > 0,thenfor £ = L/2 > 0 there exists & > 0such that ‘g(x) - L‘ < L/2 whenever 0 <|x — ¢|< §.
So, L/2 < g(x) < 3L/2.Because P—Q f(x) = oo then for M > 0, there exists 6, > Osuch that f(x) > M(2/L)
whenever |x — ¢| < 6. Let &be the smaller of & and &,. Then for 0 <|x — ¢| < &,
youhave f(x)g(x) > M(2/L)(L/2) = M. Therefore }11)1} Sf(x)g(x) = eo. The proof is similar for L < 0.
(3) Quotient: Let £ > 0 be given.
There exists & > Osuch that f(x) > 3L/2¢ whenever 0 <|x — ¢| < & and there exists &, > 0 such that

‘g(x) - L‘ < L/2 whenever 0 <|x — ¢| < &, This inequality gives us L/2 < g(x) < 3L/2.Let &be the

smaller of & and &,. Then for 0 <|x — ¢| < &, you have

g(x)|_ 32 _
f(x)| 3L)2e
Therefore, lim g(x) = 0.
x—c f(x)
Given lim f(x) = oo, let g(x) = 1. Then lim ) _ 85. f(x) = is defined forall x > 3.
x—c x—c f(_x) x -3
by Theorem 1.15. Let M > Obe given. Youneed & > 0such that
| f(x) = L S M whenever 3 < x < 3 + 6.
Given lim m = 0. Suppose lim f(x) exists and x =3
x—c X x—c
‘ Equivalently, x — 3 < € whenever
equals L. M
' lim 1 1 ‘x—3‘<5,x>3.
Then, lim —— = 22— = — = (.

e f(x)  lim f(x) L 1
o So take 0 = w Then for x > 3and

This is not possible. So, lim f(x) does not exist.
X—C

|x - 3| <6, ! >1=Mandsof(x) > M.
x -3 8
f(x) = s is defined for all x < 5.Let N < Obe given. Youneed 6 > Osuch that f(x) = S < N whenever
X - x —
1 1
5 -0 < x < 5. Equivalently, x — 5 > %whenever ‘x - 5‘ < d,x < 5. Equivalently, 75‘ < N whenever
Y —
‘x - 5‘ < 0,x < 5.Sotake & = —%.Notethat d > Obecause N < 0.For ‘x - 5‘ < odand x < 5,#5‘ > % = —N,
¥ —
and L = __ < N.
x =5 ‘x - 5‘
2
f(x) = S(x _ 4) = S(r+2)(x~-2) - 5(x+2) 88. lim (sec LA 2xj = lim sec ZX + lim 2x
237 =5x+2  (2x-1)(x-2) 2x-1 x>=1" 2 xo-1” xo-l”
/(x) has a removable discontinuity at x = 2, and a = e+ (-2)

= —oo

. 1 .
vertical asymptote at x = 2 So, the answer is A. So, the answer is A.
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89. Evaluate each statement.

A: Because lim f(x) = e and lim
x—>17 x—o1T

B: Because lim f(x) =3and lim =2, lim f(x) > lim f(x). So, lim f(x)
+ +

x—=3

x—=3" x—3

C: Because lim f(x) = 3and lim f(x)

x—=37 x—3*
D: Because lim f(x) = 2and lim f
x—0t x—37T

So, the answer is D.

x—=3"

(x) =2, lim f(x)

x—=0t

Section 1.6 Limits at Infinity

. 2x?
L=

No vertical asymptotes
Horizontal asymptote: y = 2
Matches (f).

2x
Nx?+2

No vertical asymptotes

2. f(x) =

Horizontal asymptotes: y = +2
Matches (c).

x
X2+ 2

3. f(x) =

No vertical asymptotes
Horizontal asymptote: y = 0

1) <1
Matches (d).

x2

x4

4. f(x):2+

No vertical asymptotes
Horizontal asymptote: y = 2

Matches (a).

. 4 sin x
> f(x) - X2 +1

No vertical asymptotes

Horizontal asymptote: y = 0
1) >1
Matches (b).

2x2 = 3x+ 5
6 S0 ==

No vertical asymptotes
Horizontal asymptote: y = 2

Matches (e).
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~ lim_ f(x). So, lim_f(x) =

x=3

Section 1.6 Limits at Infinity

x—=3"

xX—>

= —oo, lin% f(x) does not exist. So, lin} f(x) = oo s false.
x= x—

< lim f(x) is false.

x—3"

=2, lirr% f(x) does not exist. So, lin% f(x) = 1is false.
xX—> X—>

lim f(x) is true.
0 x—3%

7. 1im[12-i4j=12-0:12
X—>o0 X
8. lim(@+e}=0+e=e
X—oo X
9. lim 15¢™ = 15(0) = 0
10. lim 7™ = 7(0) = 0
1. lim (x —9¢") = 0-9(0) =0
12. lim (¢" - 5x72) =0-5(0) =0
6x — 6_3
13. lim = lim )2‘
e 3x 42 w2
X
_6-0
3+0
=2
5
5 2x 2
14. lim = lim &
x> x + 6 xewl_r_i
X
_0-2
1+0
=2
3
4 — =
2 _
15, lim 223 g x
xome 332 43 aoee 3
2
X
_4-0
3+0
_4
3

121
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16.

17.

18.

19.

20.

Chapter 1 Limits and Their Properties

lim

xo-w 4x

(@

(b)

(©)

@

(b)

©

@

(b)

©

(@

(b)

(©)

5x3+7_

S+ x

_5x3—3

55 -3 3
=5x - —
x2 x2

(Limit does not exist.)

3
=5-=
x3 x3

3

4

S
X X

—4x* +2x -5

() _

X

(Limit does not exist.)

fx) _

2

—4x2+2x—5_

. oxr+2
lim

X X —

_4
X

—4

+

2
+ =
X

X

= oo (Limit does not exist.)

2

2

(Limit does not exist.)

=—4x+2—é

X

5
2

X

X

21.

22.

23.

24,

5 — 2x¥?
x> 3x7 — 4

5 - 2% 2

(@)

lim =——— =
e 357 _ 4 3
5 — 2x¥?

lim ———— = —
3x — 4

(b)

©

(Limit does not exist.)

5x3/2
lim > =
xoe 4x + 1

(@)

. 5xY? 5
m-——— = —
e 4xY2 41 4

. 5x3?
lim

H°°4\/;+1:

(b)

(©)

o (Limit does not exist.)

2x—-1 . 2-(/x) 2-0 2
lim = lim = ==
e 3x +2 =34+ (2/x) 3+0 3

wes_AE()

i ST )

xo—e x2 + 3

25. lim — =liml/7x2:920
x—e x° — 1 xﬁml_(l/x) 1
3 54 (1/x°
2. tim —>* L i 0/) .
=100 =300+ 7 e 10 - (3/x) + (7))
540 1
10-0 2

27.

28.

29.

—2x

lim = Obecause 3e

o 3 4 3¢

—o0,

lim

—— = S pecause lim (2¢7) = 0.
e 5 4 27 5

X—>o0

. x
lim ——
xo—e [ 2

- JEEL[W—_XJ
¥
1 - (1/x)
- -1, (forx <0,x = —\/?)
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30. lim ——
X——o0 2 +1

1

= lim ———<
x+w¢:rq

=

2

Ve

= lim ——
¥ 1+(1/x2)

= -1, (forx <0,x = —\/?)

VR

3. fim 22t L

o (X — x

= lim

24~
X
X%w[\[é_if;]

1-2

= -2 (forx <0,x = —\/?)

2
32. lim M
e [xr 43

5% + 2

1+ (3/x2)

33, lim XX " = Jim

34. lim —— = lim {

(forx <0, —\/x_6 = x3)

35.

36.

37.

38.

39.

40.

41.

42.

43.

45.

Section 1.6 Limits at Infinity

23
lim x+1 = lim x+1 (l/x

= ()" *WQZ+M1WﬁW

. s (l/xz/s) -

i+ (1/x2)]1/ ’

Limit does not exist.

lim — 2% 5 = lim 2x = Y x21/3
)t e (60— ) (x0)
. 2/x
= lim ——————— =0
==l )]
lim ———— =0

x—e 2x + sin x

lim cos[l) =cos0 =1

X—>eo X

Because (—1/x) < (sin 2x)/x < (I/x) forall x # 0,

. 1 . sin 2x 1
lim —— < lim < lim —
X—eo ) X—>o0 X X—oo X
. sin 2x
0 < lim <0
X—o0 X

by the Squeeze Theorem.

Therefore, lim sin 2x = 0.
X—oo X

xX—>00 X X—>o0 X
=1-0 =
Note
Because —— < % < 1, lim £5% — ¢ by the
X X X xoe X
Squeeze Theorem.
lim (2 — 5¢7*) =2
XT}Q( S5e )
. 8
o 2
lim log;o(1 +107%) = 0
X—o0
. 5 2 +1 5
. lim | =+ In ==
x> | 2 xZ 2
. ] . (8 .
lim (St — arctan t) = lim | — | — lim arctan ¢
t—eo toe | ¢ t—>oo
o T _ .7
2 2
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46.

47.

48. The denominator was not divided by —~/x* when

49.

Chapter 1 Limits and Their Properties

lim arcsec(u + 1) = %

U—ro0

The —5 in the denominator was not divided by x> when

rewriting the function in an equivalent form.

. 5x° . 5x3/x3
lim = lim —————
yo-e 6x° = 5 xome 6x7/x3 - 5/x°
= lim >
x> 6 — 5/x3
5
S 6-0
5
6

rewriting the function in an equivalent form.

lim g A
T M/(—\/?)
= lir{l - 4 s
1 _
+ x2
_ 4
1+0
= -4
L
f(x) Cox+1
tim 5L
x>y 4 ]
tim
x> x4 ]

Therefore, y = 1and y = —1 are both horizontal

asymptotes.
4

|

50.

51.

52.

53.

54.

55.

_\3x+2\

/) x =2

y = 3is a horizontal asymptote (to the right).

-3 is a horizontal asymptote (to the left).

®

—— -y_=_;3 _\‘I
3
v
lim f(x) = 3
lim f(x) = -3

Therefore, y = 3 and y = —3 are both horizontal
asymptotes.

Vox? -2

2x + 1

flx) =
3. . .
y = 5 is a horizontal asymptote (to the right).

y = —% is a horizontal asymptote (to the left).

-9 N\ - 9
6

lim N(f) =

[ —oo

}Lr?q E(t) =c

(a) The functionis even: lim f(x) = 5.

x—>—oo

(b) The function is odd: lim f(x) = -5.

X——oc0

fim 1001 - ——

= 100[1 — 0] = 100%
vy [y = (V /V

1/ 72
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56.

57.

61.

62.

63.

Section 1.6 Limits at Infinity 125
C = 0.5x + 500 X =2xr+2 1 1
6_£ 58. f(x) = - 5 s (x)——5x+1——2
X (a) ik
C=-05+2
X -6 6
lim (0.5 + @j =05 ] {\
x—>e0 X )
x* = 3x2 +2 2 X =2xr +2
— . - + [
79 = T2 = x4 o) =22
(a) 8 x 2x? 2
N
N s — _ 2 F
> 70
- (c)
The graph appears as
3 2
b f(x) = X -3 +2 80 \\ 80 the slant asymptote
x(x = 3) ~ —lx 1
B xz(x -3) 2 = Y 2 ’
Kx=3) - alr=3) 59. lim xsin L = fim 500 =
+ 2 ( ) A= X -0t f
=X = X
x(x —3) & (Let x = 1/t.)
c 70
© . 1 . tant . sin ¢ 1
The graph appears as 60. lim x tan — = llm+ — = llm+ —_—
-80 8 the slant asymptote e A o0t cost
y=x =11 =1
ED (Let x = 1/1.)
a— 2 p—
tim (x+ /5 +3) = tim (x4 a2 3) TS VY 31 fim S _
o o x—~x*+3 A N
. B 2 o _ 2 'x+\/x2+x o -X o -1 _ 1
fim o= V) = i (x=ex) = limee = i s =
X+ x4+ x X +Nx+x 1+ /1 + (1/x)
[ «( 2 [
lim (3x +/9x% — x) = lim {(Z’m +/9x% — x) - 3)6\/9)627)6:|
Yo Yoe 3x —V9x® —x

© Cengage Learning. All Rights
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lim

o= 3y —N9x? — x

_lin}w%/zi(forx <0,x = —\/F)
5 N9 —x
V=
. 1 1
lim ==
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126 Chapter 1 Limits and Their Properties

. 4x + J16x* — x 16X - (16?52 - x)
64. lim (4x — N/16x* — x|————= = lim —————L
‘E}}"( ' * x)4x +16x% — x o 4x + (16x2 - x)

__ b _1
4+4 8
65.
X 10° 10" 102 10° 104 10° 108
fx) | 1 0.513 | 0.501 | 0.500 | 0.500 | 0.500 | 0.500
. . x—\/xz—x x+\/x2—x X . 1 1
lim [x - Jx(x - 1)} = lim . = lim lim =—
X X 1 xr2—x e x+Ala? - X—’“1+\/1—(1/x) 2
2
0000
-1 8
2
30
66 X 10° 10" 102 10° 104 10° 108
fx) | 1.0 5.1 50.1 | 500.1 | 5000.1 | 50,000.1 | 500,000.1
lim x2—x\/x2—x.x2+x\/x2—x - lim x? B 03 50
Y 1 x? +x\/x2 - X oo 2 4 oxUx? - x
Limit does not exist.
67. !
X 10° 10" 102 103 104 103 10¢
f(x) | 0.479 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 -2 oy 2
Let x = 1/t.
-1
in(¢/2 in(¢/2
lim xsin(ij _ i SO, L80(2) 1
¥ e x) oot ¢ >0t 2 12 2
68. >
X 10° 10! 10? 10° 10* 103 106
f(x) | 2.000 | 0.348 | 0.101 | 0.032 | 0.010 | 0.003 | 0.001
0 25
x+1
lim =0 -
x> x\/;

69. (a) lim f(x) = 4 means that f(x) approaches 4 as x becomes large.
X—o0

(b) lim f (x) = 2means that f(x) approaches 2 as x becomes very large (in absolute value) and negative.
X—>—o0

70. Answers will vary.
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71. (a) 4

73. f(x) =

I

-2

(b) Answers will vary. Sample answer: When x
increases without bound, 1/x approaches zero and
e* approaches 1. Therefore, f(x) approaches
2/(1+1) = 1. So, f(x) has a horizontal asymptote
at y = 1. Asx approaches zero from the right, 1/x
approaches oo, ¢'*approaches oo, and f(x)

approaches zero. As x approaches zero from the left,
1/x approaches —eo, e'* approaches zero, and

f(x) approaches 2. The limit does not exist because

the left limit does not equal the right limit.
Therefore, x = 0 is a nonremovable discontinuity.

72. (@) lim T = 1700°

-0t
This is the temperature of the kiln.
(b) lim7T = 72°

t—o0

This is the temperature of the room.
2x?
X2 +2
(@ lim f(x)=2=1
xX—o0

lim f(x) =2 =K

X—>o0
®) f(n)+e= 20 Le-2
! x2 4+ 2
2x% + ext +2& = 2x + 4
xie = 4 - 2¢
4 - 2¢
X =
£
X, = —Xx; by symmetry
4-2
© M =x = -
£
@ N=x, = 4 - 2¢
£

Section 1.6 Limits at Infinity

Xligf(x) =-6=K
6x,
®) f(x)+e= +e=6
x2 +2

(
36x7 = (x +2)(6 - €)

3637 — (6 — €)’x7 = 2(6 — &)
)

xX[36 - 36 + 126 — 2| = 2(6 — ¢
2

2 = 2(6 - ¢)
12¢ — £°

2
= (6- &) |—>—
0= 0=\

X, = —x; by symmetry

2
© M=x=(6-¢)\| 77

2
@ N=x=(e-0\

75. lim ——> = 3

f(x1)+g:$+g:3
xR +3
3 = 3-enx +3
9xf = (3 - &) (x +3)
o —(3-e&)xt = 33 - &)
(9 -9+ 66— &) = 3(3 - )
2
x12:3(3—£
6e — £°
3
=3-¢
%= ) 6e — £*
Let M =x =(3-¢) 3
] 6e — £°

(a) Whene = 0.5:

M =(3-05)

(b) Whene =0.1:

M =(3-0.1) =
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76.

77.

78.

79.

Chapter 1 Limits and Their Properties
Yes. For example, f(x) = SIY crosses y=0.
X

lim Lz = 0.Let £ > 0be given. Youneed M > 0

X—eo X

such that

1
=< £ whenever x > M.
X

| f(x) - L] =

, 1 1
x> —= X > —F

£ Je
1

ﬁ.

For x > M ,you have

x>L:x2>l:>L2<£:>‘f(x)—L‘<g.
e x

Let M =

=

lim 2
X—>oo \/;

such that

= 0.Let € > 0 be given. Youneed M > 0

f(x)—L:2—0 < & whenever

=

x> M.

2 N 4

——<ED—— > x>
2 £ £

Vx
Let M = 4/g”.

For x > M = 4/¢*, you have

\/;>2/£:>i<8:>‘f(x)—L‘<€.

x

lim % = 0.Let £ > 0. Youneed N < Osuch that

X—>—oe X

1 -1
‘f(x)—L‘: —3—0‘:—3<8wheneverx<N.
x X
L N B NI 1
x3 e ev’
-1
LetN=37.
Je
For x < N =

L7

X

_l<i/2

X

-——<e£
x3

=|f(x) - Ll< e

80.

81.

82.

lim ! > = 0.Let € > 0 be given.

X—o—e X —

Youneed N < 0such that

) - 2] = | —=

whenever x < N.

-1 -1 1
<CEDIX—-2<—=2>x<2—-—
x -2 £ &

LetN:2—l.Forx<N=2—l,
£ £

x—2<_—1
£

-1

x -2

=|f(x) - L|< e

< &

Line: y = mx + 4

| Ax, + By, + C| _|m(3) —1(1) + 4]

@ = N 4r+ B? m? +1
_[3m + 3
- m? +1
(b) d
i

2
(¢) lim d(m) =3 = lim d(m)

The line approaches the vertical line x = 0. So, the
distance from (3, 1) approaches 3.

lim x* = . Let M > Obe given. Youneed N > 0

X—>00

such that f(x) = x> > M whenever x > N.

¥ >M = x>MP. Let N = M. For
x>N=MP x>M"P=x>M= f(x)>M.
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Review Exercises for Chapter 1 129

83. Evaluate each statement. C: Because y = 10 is a horizontal asymptote,
A:  f(10) may or may not be undefined based on the lim f(x) = 10.
X—o0
function f. The statement must be true.

The statement may or may not be true.

B: linll0 /(x) may or may not exist based on the
xX—

function f.

D: Even though y = 10 is a horizontal asymptote,

there may be at least one value of x for which

f(x) = 10.

The statement may or may not be true. The statement may or may not be true.

So, the answer is C.

x3+x 5 1+1 5
S 4x - St TS PElY _
84. lim f(x) = lim —2 T X7 _ gy 2w gy, o 140201
¥ e v 4y + 8 — 5x° HmﬂJrg_si oo 4 8 s 0+0-5 5
x3 x3 3 X x3

Because lim f(x)

X—>00

= —é, the graph has a horizontal asymptote at y = —%. So, the answer is B.

16x2 — 5 86. From the table, the student’s average typing speed
7 7 appears to be approaching 100 words per minute.
85, lim Y10 =5 _ —
o= bx -1 e X 1002 100 100
x lim > = lim = =100
5= 65+ 12 >= 65 L 0+1
5 2
16 - = !
= lim X So, the answer is D.
X—o0 6 _
x
_~N16-0
6-0
-4
6
=2
3

So, the answer is A.

Review Exercises for Chapter 1

1. Calculus required. Using a graphing utility, you can estimate the length to be 8.3. Or, the length is slightly longer
than the distance between the two points, approximately 8.25.

11

-9

2. Precalculus. L =

(9-1"+(3-1)7° =825
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130 Chapter 1 Limits and Their Properties

x—-3
X2 =Tx +12

3. f(x) =

X 29 2.99 2.999 3 | 3.001 3.01 3.1

f(x) | —0.9091 -0.9901 —0.9990 ? | -1.0010 | -1.0101 | —1.1111

ling f(x) = —1.0000 (Actual limit is —1.)
x—

-6 : 12
-6
Nx+4 -2
4. f(x) = .
x -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1

fx) 0.2516 0.2502 0.2500 ? 0.2500 | 0.2498 0.2485

. . . o, . 1
llil’(l) f(x) = 0.2500 (Actual limit is Z')

0.5

— 52 4 — In(z + 2
5. hx) = X G 6. f(t)=M

X X t

(@) limh(x)=4-0=4 (a) lim f(¢) does not exist because lim f(¢) = —eo

x—0 t—0 10~
i =4—-(-1) = d 1l t) = oo,
(b) XILHEI hix)=4-(-1)=5 and lim ()
In1

() lim f(7) = — =0

7.lim(x+4)=1+4=35

x—l1

Let £ > 0be given. Choose & = &. Then for 0 <|x — 1| < § = &, you have
‘x - 1‘ <€

‘(x +4) - 5‘ <e€

| f(x) - L|< e
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10.

11.

12.

13.

.1in(1)f:\/§=3

Let £ > 0 be given. You need

Review Exercises for Chapter 1

‘\/;—3‘<83‘\/;+3“\/;—3‘<8‘\/;+3‘:>‘x—9‘< g‘\/;+3‘.

Assuming 4 < x < 16, you can choose & = 5¢.

So, for 0 < |x — 9| < & = 5¢, you have
|x - 9] < 5¢ <‘\/;+3‘g

‘\/;—3‘<3

| f(x) - L|< &
.}anz(l—xz):l—zzz—3

Let £ > 0 be given. You need

[1-x = (B)|<e = |2 —4|=[x-2||x+2[< e =[x -2

Assuming 1 < x < 3,you can choose J = %

So, for 0 <|x - 2|< & = %,youhave

\x—2\<§<‘ﬁ
|x —2||x+2|< &
‘x2—4‘<€
‘4—x2‘<£
‘(l—xz)—(—3)‘<g
|f(x) - L|< &

lim 9 = 9.Let £ > 0 be given. J can be any positive

x—5

number. So, for 0 < \x - 5\ < J, you have
|9-9|< e

‘f(x)—L‘< £

lim x? = (=6)> = 36

x—-6

lim (3x — 5) = 3(0) = 5 = -5

x>0
1irgsi/x—3 =35 -3=23-8=-
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14.

15.

16.

17.

18.

1

< —€
‘x+2‘

. 3 3 3

lim = — ==

x=3x —1 3-1 2

. x 2 2 2

lim — = = = ==

=2 x° + 1 2 +1 4 +1 5

Lot +2 . 1 1

lim > = lim —— = ——

t>-2 1t — 4 t>-2¢t —2 4
2_ -

liml 16 - lim -4 +4

t—=4 t — 4 t—4 t—4

lim(t+4)=4+4=28
t—4

131



132 Chapter 1 Limits and Their Properties

1 lim‘/x_4_1—hm( x—4—1)(\/x—4+1) 20, lim /1+x_1_lim(\/l+x—l)(\/1+x+l)
© x5 x -5 x5 (X — 5)(4 /x — 4 + 1) T x>0 3x x—0 3X( MM+x+1
—4) -1 —
= lim G~ 4) = 1imw
5 (x - 5)(\/x -4+ 1) ¥=0 3x(\/1 +x + 1)
lim x5 li *
= = lim
¥25 (x - 5)(m + 1) x=0 3x(m + 1)
lim —— i 1
= = lim
EEER N
1
= 1
NS5-4+1 =
: 3V+0+1)
=3 0
6
1 -1 - _
21. lim[/(x+)] = 1m1 (x+1): m ! = -
x—0 X x—0 x(x + 1) x=0 x + 1
(V1+7s) =1 (NT+s) =1 (N1+5s)+1
22. lim ———— = lim .
s—0 Ky s—0 S (l/m) +1
1+ s)| -1 —
= lim & - lim 1 _ 1
s20 s[(l/\/l +s)+ 1} 20 (1 + s)[(l/\/l + s) + 1} 2
23. lim m = lim .x (“ﬂj = (1)(0) =0 25. lim ¢! sin > _ e sin z_ 1
x>0 sin x x=0 | sin x X x>l 2
2
24. lim A - M — 26. lim In(x = 1) = lim 2 In(x — 1) =lim2=2
" x>(7/4) tan x 1 =2 In(x — 1) =2 In(x — 1) Y2
. sin[(7/6) + Ax] - (1/2) sin(77/6)cos Ax + cos(7/6)sin Ax — (1/2)
27. lim = lim
Ax—0 Ax Ax—0 Ax
-1
N N G T ) BN SmA"=0+£(1):£
Ax—0 D Ax A0 2 Ax 2 2

cos(7w + Ax) + 1 cos £ cos Ax — sin 7 sin Ax + 1

28. lim = lim
Ax—0 Ax Ax—0 Ax
. { (cosAx—l)} . [ sin Ax
= lim |-—— | — lim |sin 7
Av—0 Ax Ax—0 Ax

- -0-(0)) = 0

29. lim [ (x)g(¥)] = [lim £(x)] lim g()] 3.

= (-6)(3) = -3
i
30. lim ACY Xlgi /) = —6 =-12 32.
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}

lim [f(x) + 2g(x)]

x—c

lim f(x) + 2 lim g(x)

= -6+2(1)=-5
tim [0 = [1m s
= (-6)" =36
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33.

34.

35.

Review Exercises for Chapter 1

2 1

V2x+9 -3
fx) = ——
x
! 1
The limit appears to be 3
-1 1
0
X —-0.01 —0.001 | 0 | 0.001 0.01
f(x) | 0.3335 | 0.3333 | ? | 0.3333 | 0.331
li = 0.
lim f(x) = 03333
o Y2rF9 -3 Vv 943 L @v+9-9 2 ~ ~
=0 x J2xr+9 +3 Hox[\/zx+9+3J =0 /2x+9+3 J9+3 3
1/(x +4)| - (1/4)
iy = ez 91209
x
- 1
J(' The limit appears to be T
" ;r 1
3
X -0.01 —0.001 0 | 0.001 0.01
fx) | 0.0627 | —0.0625 | ? | —0.0625 | —0.0623
lim /(x) = —0.0625 = —
Y50 S T 16
1 _1
limw=hm4_(x+4)=hm -l =—i
-0 x 0 (x + 4)d(x) 0 (x+ Hd 16
; 20(e”* - 1)
f(x) = lim ————
3
| The limit appears to be 0.
-3 : 3
_3 -
X -0.1 -0.01 —-0.001 | 0 | 0.001 0.01 0.1
f(x) | 0.8867 | 0.0988 | 0.0100 | ? | —0.0100 —0.1013 -1.1394
li = 0.
lim f(x) = 0.0000
20(e”? = 1) 20(e” — 1
i 22720 20200,

x—0 x -1 0-1 -1
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134 Chapter 1 Limits and Their Properties

In(x + 1)
36. =—
f(x) x +1
L The limit appears to be 0.
-1 2
-1
X 0.1 -0.01 —0.001 0 | 0.001 0.01 0.1
f(x) -0.1171 -0.0102 —0.0010 ? 1 0.0010 0.0099 0.0866
112% f(x) = 0.0000
fim BEHD W1 _0_
=0 x +1 1 1
37. v = fim S = ()
t—4 4 — ¢
—4.9(16) + 250 | — | —4.9¢> + 250
_[4909) 4 250] - | ]
t—4 4 — ¢
49(2 - 16
)
t—4 4 — ¢
4.9(t —
i 490 = 41 + 4)
t—4 4 — ¢

= lim [—4.9(1 + 4)] = —39.2 m/sec

The object is falling at about 39.2 m/sec.

38. —4.9 +250 =0

250 = 4.9¢
EE
49

50

— =t

7

The object will hit the ground after ¢ = % seconds.

When a = 2, the velocity is

- —4.94% + 250 | — | -4.9¢> + 250
i $@ =) [49a? +250] - [ ]
t—a a—1t t—a a—t

2 _ 2
i A - @)

t—a a—1

- lim 49(t — a)(t + a)

t—a a—1t

= lim [-4.9( + a)]

t—a

— ~49(20) @:ﬂj

= —70 m/sec.
The velocity of the object when it hits the ground is about 70 m/sec.
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39.

40.

41.

42.

43.

f(x) = (x - l)x
(a) Domain: (—eo, 0] L [L, =)
(b) lim f(x) = 0

x—0"

(© lim f(x) =0

x—1

xt -4 x =2
) =gy = Z)L—z}

() lim f(x) = -4
x—27

(b) lim f(x) = 4

x—2t

(c) lim f(x) does not exist.
X2

x -7 lim x -1
o1 x5 =49 s (x = T7)(x +7)

g
|

(5 -5 +3)

i

lim = lim
e X =9 oo (x - 9)(Va +3)
= lim x -9

x—9” (x - 9)(\/; + 3)

= lim
x=9" A/ x + 3
_ 1
V9 +3
1
"6
(or: = lim Vx -3

x—97 (\/; - 3)(\/; + 3)
. 1
x—9” \/; +3
1

J9 +3

)

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

Review Exercises for Chapter 1 135

e+ o —(x+11) ,

Ilm — = lim ——= = lim -1=-1
xo-11m X + 11 xo-1m x + 11 xo-11”

lim (2[x]+1)=2(1)+1=3
x—2"

lin’i |[x - lﬂ does not exist. There is a break in the graph
X—>

at x = 4.

lim f(x) =0
x—27

lim2 f(s) =2

f(x) = x> — 64 is continuous for all real x.

1
2 -9  (x=3)(x+3)

f(x) =

has nonremovable discontinuities at x = 3

because liné f(x) and 1im3 f(x) do not exist.

X X 1
f(x)_x3—x_x(xz—l)_(x—l)(x+1)7x¢0

has nonremovable discontinuities at x = %1
because lim f(x)and lim f(x) do not exist,
x—-1 x—l1

and has a removable discontinuity at x = 0 because

1
lim f(x) = m —— = —-1.
x—0 f( ) x—0 (x — 1)(x + 1)
x+6 x+ 6 1
X) = = = X
f() x2 = 3x - 54 (x—9)(x+6) x-9
x # —6 has a removable discontinuity at x = —6

because lim f(x) = lim

1
= ——and has a
x—>-6 x—>-6 x — 15

nonremovable discontinuity at x = 9 because lim9 f(x)
xX—

does not exist.

f(x) =-7x* +3

/s continuous on (—eo, o).

) = 4 +7x -2 _ (A -1)(x+2)

x+2 x+2
f is continuous on (—oce, —2) U (=2, o). There is a

removable discontinuity at x = —2.

55. f(x) =~x—4

f is continuous on [4, o).
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56.

57.

58.

59.

60.

61.

62.

63.

Chapter 1 Limits and Their Properties

1) =[x +3]

lim [[x + 3]] = k + 3, where k is an integer.
k+

lim [[x + 3]] = k + 2, where k is an integer.

x—=k~

f has a nonremovable discontinuity at each integer £, so f'
is continuous on (k, k + 1) for all integers .

g(x) = 2d4 is continuous on all intervals (k. k +1),

where £ is an integer. g has nonremovable discontinuities
at each k.

h(x) = =51In |2 - x|
Because |2 — x| > 0 except for x = 2, / is continuous

on (—eo, 2) U (2, eo).

:3x2—x—2:(3x+2)(x—1)

f(x) x—1 x—1
lirr} f(x) = lim1 (3x + 2) =5

f has a removable discontinuity at x = 1, so f'is

continuous on (—ee, 1) U (1, o).

5-x, x<2

)= |

2x =3, x> 2
lim (5-x) =3
x—=27
lim (2x —3) = 1
x—2t

/f has a nonremovable discontinuity at x = 2, so f'is
U (2, e0).

Because f(x) is continuous on the interval [0, 1] and

f(0) = =2 and f(1) = 1, by the Intermediate Value

continuous on (—eo, 2)

Theorem there exists a real number ¢ in [0, 1] such that

fle)=0.

Because f(x) is continuous on the interval [3, 4] and
f(3) = —0.108 and f(4) = 0.159, by the Intermediate
Value Theorem there exists a real number ¢ in [3, 4]

such that f(c) = 0.

3 3
X X
xX) = =
f( ) ¥ -9 (x+3)(x-3)
3 3
lim — = —coand lim — = o
x—>-37 X" — xos-3t x° =9
Therefore, x = —3is a vertical asymptote.
3 3
lim — = —coand lim — = o
o3 X2 — xo3t x° =9

Therefore, x = 3 is a vertical asymptote.

64.

65.

66.

67.

68.

69.

70.

12x 12x
W) =g =2 =
—2 T 12— »2+ )
lim A(x) = ccand lim A(x) = —eo

x—-127 x—o-12%

Therefore, x = —12 is a vertical asymptote.

lim A(x) = e and lim A(x) = —e

X127 x—12t

Therefore, x = 12 is a vertical asymptote.

2x + 1 2x +1 1
g(x) = 2 = = ,
4x -1 (x+D2x-1) 2x-1

lim g(x) = —eo and lirn+ g(x) = e

2 xa%

1. .
Therefore, x = 5 is a vertical asymptote.

(Note: g has a removable discontinuity at x = —%)
Sf(x) = csc LA
3 . TTx
sin —/—
3

. 7TX . .
sin 3 = 0 forx = 3n, where n is an integer.

lim f(x) = ccor —ecand lim f(x) = e or —eo
x—=3n" x—3nt

Therefore, x = 3n is a vertical asymptote, where 7 is an
integer.

g(x) = ln(25 - xz) = ln[(S + x)(5 - x)]
;1cl—>ms ln(25 - xz) = —o
lim In(25 - x%) = —o

Therefore, the graph has vertical asymptotes at x = 5.

f(x) =77
lim 7¢7/* = oo
x—>0"

Therefore, x = 0 is a vertical asymptote.

LoxP+2x+1

lim —— = —
x—-1" x -1

lim oo

oyt 2x =1
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73.

80.

81.

82.

83.

84.

Review Exercises for Chapter 1 137

lim 252 i X2 4. lim e =
w2t X0+ 8wt (x4 2)(x2 - 2x + 4) =2 ¥ — 4
= lim - . .
ro2t X2 = 2x + 4 75, fim S _ gim i(sm 4") _4
1 x—0t S5x x=ot |5 4x 5
= 2
—2)? —2(-2) + 4
2F -2 o o
_ i x—0" X
12
77. lim In(sin x) = —eo
¥ -1 2 -1 x—0T
lim — l—lim_ YR
o o (= 1) 1) 78. lim 16¢° = 16(c0) = oo
. 1 x—0"
= lim — 1
xo-1m X
! 79. ¢ = 300007 4 o ) 100
- 100 - p
(-1)* +1
X (a) C(15) = $14,117.65
2 C(50) = $80,000
1 C(90) = $720,000
11m+ [x - Tj = —oo
x—0 X
®  lim 80,000p _
p—100- 100 — p
No matter how much the company spends, the
company will never be able to remove 100% of the
pollutants.
f(x) _ fan 2x
X
(a)
X -0.1 -0.01 | -0.001 | 0.001 0.01 0.1
Sx) | 2.0271 | 2.0003 | 2.0000 | 2.0000 | 2.0003 | 2.0271
. tan 2x
lim =
x—0 X
tan 2x
, #0
(b) Yes, define f(x) =5 x
2, x=0
So, f(x)is continuous at x = 0.
. 1 . 2
hm(8+fj:8+0=8 85. lim 3 = —oo
¥ x xo=e X + 5
.1 —4x 1/x) — 4 N
T e T ) el 86. lim "X _ )
x> x4+ 1 xo-e ]+ 4x x> DX
2
fim — = fim = > =2 §7. lim —X  — ¢
soe 5xP 2 aoe g 20 540 S x> X + €OS X
2
3 88. lim does not exist.
lim —H g Y x> 2 sin x
xoe x* + 3

=1+ (3
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3 3x
89. f(x)==-2 92. f(x) = ———
X Nxt+2
Discontinuity: x = 0 3x 3x/x
lim = lim
. 3 _ x_)“’\/x2+2 X‘”"\/x2+2/\/x2
lim|=-2|=-2
xoe \ X . 3
= lim —— =3
Vertical asymptote: x = 0 e 1+ (2/x2)
Horizontal asymptote: y = -2 . 3y . 3x/x
lim = lim

3\\ N R R =

5x2

90. g(x):7x2+2 -_____
im X = > s A

2 2 e g (2/%%)

4
Horizontal asymptote: y = 5
10 93 f( ) 5
Sflx) = ——
34 2e
== . 5 5
lim ——— = =
9 9 xoe 3 4 2773
2 lim 5. 0

x5 3 4 2e7

91. h(x) = 2t 43 Horizontal asymptotes: y = 0,y = g
x —
Discontinuity: x = 4 3
. 2x+3 2+ Gx . e :__f—"""/" -E
lim = lim =2

e x — 4 xoe 1 - (4/x)

Vertical asymptote:

T .

Horizontal asymptote: o | 1 X
=2 94. h(x) =10 In
Y \\ (x) (x + lj
—4
Discontinuities: x = 0, x = —1

lim 1011{ al ) = lim 1011{ al ] =0
x—oo x +1 x—>—e0 x+1
Vertical asymptotes: x = 0,x = —1

Horizontal asymptote: y = 0

6

e
//‘

-6
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AP® Exam Practice Questions for Chapter 1

. lim A(x) = lim 2 = 2 . 3
L. lim /(x) = lim 7. lim - =
The answer is B. 3
lim —— =3
‘x+4‘ VH_“1—4Y 1-0
VEI};_ g(x) = XEIE_ 1 = -1 The answer is C.
‘ X + 4‘ 8. Evaluate each statement.
lim g(x)= lim —— =1 ) )
xo—at roedt x + 4 I. Because lim g(x) = 1and hm+ g(x) =1,
x—2" x—2

Because lim g(x) # lim , the limit is nonexistent.
+

x—>-4" x—>-4

The answer is D.
sin x

. 0
. lim = = —
X X T T

The answer is A.

32 +5x + 7

x—4
C3(=2)" +5(-2) +7
- (-2) -4

lim

x—-2

The answer is B.

- tim[3/(5) - gx)] = 1im 5.(5) — 1im ()
= 51}12 f(x) - hrrg g(x)

= 5(10) — (1) = 49

The answer is D.

. 5x +16x7 . ;+16
. hmziz lim =——
x—e 4xc — 3 X0 _i
2

_0+16

-0

The answer is C.

10.

.l

li =1.
lim g(x)
The statement is true.
R ¥ =1#g(2)=3
1L lim g(x) g(2)
The statement is false.

III. gis continuous at x = 3.
The statement is true.

Because I and III are true, the answer is B.

Nox* -5
4
im o' - 5 = lim \/?

xoe 5x — 3x2
2

xoe 5x — 3x?

x
.
= lim 2
xde D 3
X
_N9-0
0-3
=-1
The answer is C.
x—1 x -1
Because lim ——— = 2 and lim
x%lf\/;—l x%l+\/;—1

lim =1~ o,
x—1 x_l

The answer is C.

=2
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140 Chapter 1 Limits and Their Properties

11. (a) s(¢) is continuous on [1, 2].
s(1) = 393.1and 5(2) = 378.4
Because 382 is between s(1) and s(2), by the Intermediate Value Theorem there exists
at least one value of 7 in [1, 2] such that s(¢) = 382.
(b) s(t) = —4.97 + 398
0 = —4.9¢% + 398

t = 19.012
So, the object hits the ground after approximately 9.012 seconds.
() —s(3) (4o +398) - [—4.9(3.)2 + 398}
(¢) lim = lim
-3 t—-3 -3 t -3
. =492 + 4.9(9)
=lim——=
t—3 t—3
-49(2 -9
= lim ( )
t—3 t—3
-49(t -
— tim (r = 3)(r + 3)
t—>3 t—3
= }13; -4.9(t + 3)
=-49(3 +3)
= —29.4 m/sec
12. () fim f(x) = im —0 = 10 _10_
x—0 x>0 1 _y 1 5
1+ —e 1+ — —
4 4 4
(b) lim [f(x) + 4] = lim f(x) + lim 4 = 8 + 4 = 12
(¢) lim f(x) = lim 1(1) = lim 101 = 101 10 10
o Tl = T+ 1+ 1+0
4 e" 4e”
lim f(x) = lim 10 -0 1 0
oo g 1 1. =
1+ —e 1+ Ze

So, the horizontal asymptotes are y = 0 andy = 10.

2
13. () f(x):x+5x+6:(X+2)(X+3):x+2,x¢_3
22 +7x+3  (2x+ D(x+3) 2x+1

f(x) has discontinuities at x = —% andx = -3.
2 x+ 2 M
) lim f(x) = lim X0y (v + 2)(>+7)
x—-3 x=-32x* +7x + 3 x—-3 (Qx 4 1)()/4./?)
x+2  -3+2 1

= lim = =
x—>-32x + 1 2(—3) +1 5

(¢) f(x) has a vertical asymptote at x = —%.
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5 6
2 l+=+—
(d) limf(x)=limW=hm X x2 _1+0+0 _ 1
Koo e 202 4 Tx 43w, T30 24040 2
X )Cz
142456
2 <tz
lir{lf(x)zlir{l x2+5x+6: im ); x3 _1+0+0 _ 1T
PR oo 207 + Tx 43 xome, T3 24040 2
2
X X

f(x) has a horizontal asymptote at y = %

14. () lim f(x) = lim e* = ¢*) = —
x—-1 x—-1 e

(b) /(0)is definedas f(0) = ¢*® = 1. lim f(x) = Tand lim f(x) = Lso lim f(x) = 1.
x>0 x>0 x=
Also, llil’(l) f(x) = f(0) = 1.
So, f is continuous at x = 0.

(© lim f(x) = lim > =) = — = — =0

X —>—co X —>—co e 00
15. (a) lim [f(x) + 4] = lim fx) + lim4=2+4=6
(b) lim — =

(¢) llin [f(x)g(x)] =2-0=0

@ lim SO) gy G20 T2 6 1imL}//3) )

x—>3g(x)—1_x—>3(x—2)—l_x—>3 x -3 x—3 (}//3)

16. (a) Because T'(x) is continuous on [0, 10), lin}‘ T(x) = T(4) = 172.
xX—>

T(8) — T(3) _164-174 _ -10 _
8§-3 8§-3 5
The average rate of change is —2°F per minute.

(b) -2

(¢) T(x) is continuous and when x = 6, T(x) > 166.5° and when x = 8, T(x) < 166.5°.
So, the shortest interval is (6, 8).

(d) Because T'(x) is continuous, the average rate of change for 6 < x < 9 is

T(9)-T7(6) _162-168 _—6
9-6 9-6 3

So, the tangent line at x = 8 has a slope of about —2.

= -2
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17. (a) f(x) = ax> +x = b

£(2) = a2’ +(2) - b
=4a+2-b =2a+b

S(x)=ax+b

fis continuous at x = 2 when 4a + 2 — b = 2a + b.

f(x)=ax+b f(x) =2ax -7
7(5) = a(5) + b 7(5) = 2a(5) - 7
=35a+b =10a - 7

fis continuous at x = 5 when 5a + b = 10a - 7.

4da+2-b=2a+b = 2a-2b=-2
Sa+b=10a-7 = -5a+b=-7
Multiply both sides of the second equation by 2.

2a — 2b = -2

—10a + 2b = -14

—8a = —16
a =2

When a = 2,b =52)-7=10-7 = 3.
So, f is continuous when ¢ = 2 and b = 3.

(b) lim /(x) = lim (2x +3) = 2(3) +3 = 9

© lim g(x) = lim S i li

x=lx —1 x—1 X — x—l1

23 +x -3

Performance Task for Chapter 1

1. Answers will vary.

2. Answers will vary. Sample answer: The women’s
100-meter freestyle record in 2025 should be about
51 seconds because as time goes on, the record time
decreases at a slower rate.

3.(a) e

sob . . . . . . 120
50

32.4 - 1.66(125)
When x = 125, y = ———— 1"/ - 5188
1 - 0.035(125)

In 2025, the record time will be about 51.88

seconds.
32.4
= _1.66
Y —
x—e 1 —0.035x e 0.035
X
-1.66
—-0.035

As x — oo, the record time approaches
47.43 seconds.

7(2) = a(2) + b

i (Zx + 3)(x - 1)

x—1

=1lim(2x+3)=2(1)+3 =5

x—1

4. Answers will vary.

5. Answers will vary. Sample answer: Logic tells us there
must be a lower limit and the limit must not be zero.
These results only show that there is a model for the
years given with a lower limit.
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